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Abstract

The primary objective of the work reported in this thesis was to quantify how the
pitch or strike note of a bell is determined by the frequencies of its partials. Pitches of bells
are generally virtual pitch or missing fundamental effects, generated in the ear rather than
present as a frequency in the radiated sound. The exact pitch is shifted from that expected
for the missing fundamental by changes in the frequency of various partials. This can cause
bells whose partials are in theory tuned precisely, to sound out of tune by considerable
fractions of a semitone.

The pitch shifts were quantified at frequencies across the audible spectrum by a set
of experiments carried out on 30 subjects. Subsidiary experiments established which
partials create a bell’s pitch or pitches at different frequencies, and showed that partial
amplitude does not significantly affect bell pitch. A simple model of pitch shift was
devised from the test results which gave good agreement with the stretch tuning in a
number of peals of bells. Stretch tuning has not previously been satisfactorily explained.
The pitch shifts were also compared against Terhardt’s algorithm for virtual pitch, which
did not predict the shifts seen in practice.

To prepare for these experiments, a comprehensive investigation was done of the
partial frequencies of over 2,000 bells with a wide range of dates, weights and founders.
An unexpected and straightforward relationship was found between the frequencies of the
upper partials which generate virtual pitches, which seems to apply to all bronze and steel
bells of Western shape. The relative frequencies of these partials are in turn determined by
the thickness of the bell’s wall near the rim. This relationship between the partials has not
been previously reported, and explains previous failed attempts by bellfounders to tune
these partials independently. The modified version of Chladni’s law proposed by Perrin
and Rossing for these partial frequencies was found not to give as good a fit to their
frequencies as the relationship discovered in this research.

The work presented in this thesis is important for at least two reasons:
e [t provides new practical guidance for the design and tuning of bells
e The shifts in virtual pitches observed as a result of upper partial changes
support current research into pitch generation mechanisms in the human ear.
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1 INTRODUCTION

The acoustics, and in particular the musical pitches, of bells are of considerable
interest to both musicians and acousticians. Typical wind or stringed instruments have
harmonic partials whose frequencies are related by the ratios of small integers. Bells, like
gongs, drums, cymbals and other percussion instruments, have inharmonic partials. At the
same time, unlike many percussion instruments, bells have a defined note or pitch, and a
set of bells can be tuned as a melodic instrument. It is the unique position of bells on this
borderline between inharmonic and melodic instruments that makes them of such interest.
Investigation of the mechanisms that give rise to the perceived pitch of bells provides
insight into the general problem of pitch perception.

An example of the inharmonic partials of handbells is given by Helmholtz (1877 p.
73) in his ground-breaking work on musical acoustics: .. inharmonic tones always disturb
the harmony most unpleasantly ... A very striking example of this was furnished by a
company of bell-ringers, said to be Scottish, that lately travelled around Germany, and
performed all kinds of musical pieces, some of which had an artistic character. The
accuracy and skill of the performance was undeniable, but the musical effect was
detestable, on account of the heap of false secondary tones which accompanied the music,
although care was taken to damp each bell as soon as the proper duration of its note had
expired, by placing it on a table covered with cloth.’

To assist with the reading of this thesis by those unfamiliar with the acoustics of
bells, a glossary of technical terms is provided as Appendix 3.

A bell has many different modes of vibration, each of a defined frequency. The
relative frequency of the vibrations is governed by the shape or profile of the bell.
Different cultures have developed different bell shapes, but this study is confined to bells
of conventional western shape. This particular shape was arrived at via heuristic methods
in the middle ages. One of the characteristics of bells with this profile is that they tend to

have a single dominant pitch or note.
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An example of the spectrum of the sound of a bell (the old number 9 bell at St Mary
le Tower, Ipswich) is given as Figure 1-1. It shows the significant partial frequencies and

the names they are given. The vertical axis is loudness in decibels (dB), calculated as

20-log,, ( % 0) where a is the amplitude of the partial and a, the amplitude of the

loudest partial, in this case the superquint. The analysis was over the first 2s following the

clapper strike. This short sample length is used because the higher frequency partials die

away quite rapidly.
Ipswich St Mary, old no. 9 bell
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Figure 1-1 Spectrum in dB of Ipswich St Mary le Tower old 9th bell

Table 1-1 below shows the frequencies and musical notes of the main partials
highlighted above. These frequencies were measured from a spectrum taken over 10s of
sound. For an explanation of the constraints on frequency measurements in this thesis see
section 1.3 and appendix 9. The information in the notes column comprises a note name,
an indication of the octave, and a deviation in cents (hundredths of a semitone) from the

equal-tempered note with A=440Hz.
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Partial Freq (Hz) | Note Ratio to lowest | Ratio to nominal
frequency
Hum 201.9 G#(3)-48 | 1.00 0.28
Prime 323.7 E4)-30 1.60 0.45
Tierce 424.2 G#(4) +37 | 2.10 0.59
Quint 562.8 C#(5)+26 | 2.79 0.78
Nominal 7234 F#(5)-38 | 3.58 1.00
Superquint 10914 C#(6)-26 | 541 1.51
Octave Nominal | 1507.3 F#(6) + 32 | 7.47 2.08
I-7 1959.3 B(6) - 13 9.70 2.71
I-8 2443.2 D#(7)-31 | 12.10 3.38
I-9 2948.3 F#(7)- 6 14.60 4.08
I-10 3467.6 A7) -25 17.17 4.79
I-11 4000.8 B(7)+22 |19.82 5.53
I-12 4536.5 C#(8)+39 | 2247 6.27
I-13 5077.1 D#(8) +34 | 25.15 7.02

Table 1-1 Partial frequencies of Ipswich old 9th

From this table it is clear that no partials are related to the lowest frequency (the
hum) by small integers, so that based on the hum the sound is inharmonic. The only

partials close to harmonic are the nominal, superquint and octave nominal with ratios

approximately % : % : % . The strike pitch of this bell (about 362Hz) does not appear

as a frequency in the bell’s sound, a phenomenon known as the strike note paradox.
Neither the lowest partial (the hum) nor the loudest partial (the superquint) determine the
pitch that is heard.

There is a distinction to be drawn between frequency and pitch. Frequency (e.g. of
one of the partials above) is measured directly by instruments, either by observing the
physical vibration of the bell, or by identifying frequencies in the emitted sound. These two
are equivalent, apart from amplitude, and a particular mode of vibration in the bell, if it has
an audible effect, gives rise to that frequency of vibration in the surrounding air.

Pitch, which is defined as that characteristic of a sound which allows it to be ordered
in a musical scale, is not directly measurable — there may be no frequency of vibration in
the bell or the surrounding air which corresponds with the observed pitch. Pitches only
exist because we hear them, and the only way to assign pitch is to use our ears to compare
one sound with another. Perceived pitch may not be single valued (we may hear more than

one pitch in a sound) and may differ from one listener to another.
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There are two alternative models of the pitch of bells: the partial frequency view —
that the pitch is an octave below the nominal, and the holistic view — that pitch is some
overall effect of the bell, not linked to one partial. The assumption used by most if not all
current bellfounders is that the pitch is determined by the nominal, even though the weight
of scientific evidence supports the holistic model. Confirmation that Taylor's bellfoundry
traditionally record pitch as the nominal frequency is given in (Ayres 1983). Fletcher &
Rossing (1998 p. 685) say 'Whether a founder tunes the nominal or the strike note makes
little difference, however, because the nominal is one of the main partials that determines
the tuning of the strike note’.

Experiments show that the pitches of bells are generally virtual pitches, i.e. they arise
from a missing fundamental effect, most commonly based on the nominal, superquint and
octave nominal partials. If these partials were exactly harmonic the pitch would be exactly
an octave below the nominal. However, as they are inharmonic the pitch is shifted from the
half nominal. This shift can be a considerable fraction of a semitone, and so is musically
significant; bells whose nominals are tuned exactly can have pitches which are audibly out
of tune. This lack of acknowledgement of the difference between pitch and nominal
frequency and of the associated pitch shifts is remarkable given the experimental evidence,
but is due in part to the difficulty in measuring pitches.

1.1 Core proposition of this thesis

The core proposition of this thesis, to be proved through a range of experiments and

investigation of the partial frequencies of more than 2,000 bells, has two parts. The first is

that a set of approximately equally-spaced partials with frequencies roughly 2/, 31, 41,
etc. will give rise to a sensation of pitch at frequency f much stronger than the pitch

sensation arising from any individual partial frequency. The second part of the proposition
is that if this set of partials is shrunk together, the pitch flattens; if they are stretched apart,

the pitch sharpens. Such a set of equally-spaced partials is found in all bells of western
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shape. In Figure 1-1 above, the nominal, superquint, octave nominal and partials I-7
upwards form such a series.

Both parts of the core proposition are documented in the literature. The new work in
this thesis explores the actual pitch experienced by test subjects, provides further
confirmation of the first part of the proposition, and shows for the first time the effect of
the dominance region for virtual pitch on the pitches experienced by the subjects. A set of
virtual pitch experiments quantifies the shifts in virtual pitch across the audible spectrum in
a way that for the first time is directly applicable to the design and manufacture of bells.
1.2 Overview of chapter contents

The remainder of this introduction gives a brief overview of each chapter of the
thesis.

1.2.1 Chapter 2 Historical Perspective and Literature Survey

This chapter gives a brief description of, and references to, significant published
information on the acoustics of bells. It also gives an overview of pitch models and pitch
perception, but does not go into detail as pitch detection and hearing mechanisms are not
directly investigated in the current research. There is an emphasis on historical context; the
history of investigations into bell acoustics has close parallels with the development of
musical acoustics in general. The rest of chapter 2 covers the following subjects,
illustrated by reference to the literature:

e Investigations into the partials of bells
e Theories of pitch perception
e Pitch shifts in complex tones and the dominance region for virtual pitch
e Previous studies into the pitch of bells
e Measurement techniques for partial frequencies and for pitch.
1.2.2 Chapter 3 Introduction to Bell Acoustics
This chapter gives a brief introduction to bell acoustics for those unfamiliar with the

subject. The topics covered are as follows:
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e An example of the spectrum and associated partial frequencies of a bell

e Examples of the historical development of the shapes of bells

e Explanation of the naming and numbering of bells in peals and carillons

e An overview of the processes by which bells are cast and tuned, together with
a discussion of doublets and of true harmonic tuning

e An analysis of partial amplitude from recordings of a number of bells,
highlighting the acoustically important partials

e An explanation of the virtual pitch effects which dominate pitch perception in
bells, and the effect in heavier bells known as ‘secondary strike’

e Examples of virtual pitch shifts experienced in practice, with evidence of the
need for stretch tuning to make small bells sound ‘in tune’

At the end of the chapter, examples are given from existing bellfounding practice
(including investigation of the weights and partial frequencies of 1,759 bells) to show that
heavy, thick bells have closer upper partials than thin, light ones. Small bells in a peal or
carillon are usually cast proportionally heavier than larger ones for mechanical reasons and
to increase the volume of their sound. It is proposed that this practice causes them to sound
flat due to virtual pitch effects. This hypothesis provides the background to and motivation
for the experiments described later in the thesis.

1.2.3 Chapter 4 Investigation into the Pitches of Bells

This chapter describes two experiments into the pitch or pitches perceived in bells.
The first experiment investigates the phenomenon in large bells known as 'secondary
strike' whereby some listeners perceive the bell to have a second strike pitch, often a
musical fourth above the nominal pitch. The second experiment extends the technique
developed for the first experiment to investigate what determines the pitches of bells across
a range of frequencies and demonstrates the effect of the dominance region for virtual

pitch.

Chap. 1 - INTRODUCTION 6



At the end of the chapter, a brief discussion of timbre of bell sounds leads into a

description of the effect of the dominance region for virtual pitch on the timbre of bells,

especially those with non-true-harmonic tuning.

1.2.4 Chapter 5 Partial Classification Schemes and Frequencies

This chapter documents investigations into the following areas:

The partial classification schemes proposed by André Lehr and Robert Perrin
were compared, and reconciled with a recording of the actual bell
investigated by Perrin

A simple model for the relative frequencies of the upper partials of bells was
derived from analysis of the partial frequencies of 2,066 bells. This model is a
new discovery, and considerably simplifies the virtual pitch experiments
reported in this thesis

Before and after tuning figures for the Berlin Freedom bell illustrate this
model and the effect of bell tuning on upper partials

The 2,066 bells were compared with a model of upper partial frequencies
previously proposed by Perrin and Rossing based on Chladni’s law. The
modified Chladni model was found not to explain the relationship between
partial frequencies seen in practice, though it did explain why expressing
partial frequencies as cents (i.e. as logarithmic ratios) makes the relationships

linear.

This work was originally undertaken just with the aim of simplifying the virtual pitch

tests. As it progressed, substantial new insights emerged not previously reported in the

literature. The reconciliation between Lehr’s and Perrin’s classification schemes based on

analysis of the sound of the actual bell used by Perrin has not been done before. The

investigation into upper partial frequencies and the model developed for their relationship

is also new work, and provides a robust explanation of some effects in bell design not

previously understood.
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1.2.5 Chapter 6 Practical Issues in Pitch Measurement

This chapter describes a number of different candidate designs for the virtual pitch
tests reported on in this thesis, and gives justification for the choice of approach used. The
extensive trials used to validate the approach and choose the test parameters are described.
Literature references are given to a number of studies in pitch determination which further
justify the choice of experimental method.

The chapter goes on to describe the detailed design of the virtual pitch tests, and
present the results of various trials of the tests to prove their validity. Issues concerning
equipment used to conduct the tests and musical skills of the test subjects are covered.
1.2.6 Chapter 7 Statistical Design of Virtual Pitch Tests

This chapter explains and justifies the statistical design of the four-factor analysis of
variance employed in the virtual pitch tests. A large number of exploratory experiments
were carried out to validate the experimental procedure, establish the range of various
effects so that tests were appropriately calibrated, and to provide sample data to validate
the analysis techniques. The results of some of these tests are used in this chapter to
illustrate and validate the test design.

1.2.7 Chapter 8 Further verification of virtual pitch tests

The results of two further experiments conducted by the author are described in this
chapter. The first uses an alternate experiment design to verify and confirm the pitch shifts
measured in the virtual pitch experiments. The second explores the effect on virtual pitch
of changes in partial amplitude of some key partials, confirming that the effect is not
significant.

1.2.8 Chapter 9 Virtual Pitch Test Results

This chapter documents the results of the virtual pitch tests. These tests quantify the
changes or shifts in virtual pitch in bell-like sounds as a result of changes in frequency of
various partials. 9 sets of tests explore pitch shifts at various points in the audible

spectrum.
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The tests, using 30 test subjects, were successful and showed to a high level of
statistical significance that all test subjects experienced virtual pitch shifts. The upper
partials had a statistically and musically significant effect at all frequencies, the prime and
tierce a smaller effect. From these results, a simple numerical model of pitch shift was
devised.

The chapter concludes with an investigation of the effect of musical experience of
the test subjects, and a comparison of the precision of the chosen test methods with other
candidate designs.

1.2.9 Chapter 10 Validation of Pitch Shift Model

Two pieces of work are documented in this chapter. The first compares the observed
pitch shifts with the results of Terhardt's model of virtual pitch. The shifts observed are not
predicted by the Terhardt model, showing that the effect measured in the virtual pitch tests
was not catered for in his model design.

The second piece of work involved the analysis of the tuning of a number of peals of
bells. Some of these are tuned with stretch tuning, i.e. with sharp treble bells. The model of
pitch shift derived in the previous chapter gave a good quantitative prediction of the degree
of stretch employed by the bell tuners, and showed that stretch tuning was employed to
compensate for pitch shifts. This gives elegant and convincing confirmation of the
existence of the virtual pitch effect and the validity of the derived model.

1.2.10 Chapter 11 Concluding Remarks
This chapter covers the following subjects:
e Practical applicability of the experiment results
e Restrictions of the derived model; in particular the need to investigate the
effect of the hum partial on virtual pitch and the relative contribution of
virtual and spectral effects to the pitch of small bells
e The opportunities for further investigation into factors affecting the timbre of

bells
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e Loose ends and areas for further investigation
e Relevance of the research results to general research into pitch perception.
1.2.11 Appendices
There are a number of appendices, as follows:
e Details of all specific references from this thesis to the literature and other
similar material
e A general bibliography of published materials consulted during the research.
Subjects covered include general acoustics and musical pitch; bell acoustics;
general and topographical information on bells; mathematical techniques
including FFT, matrix calculations and statistics; temperaments and tuning;
and a list of publicly available CDs of bell sounds and music
e A glossary of technical terms specific to bell acoustics, and a glossary of
basic terms in statistics
e Translations of portions of Isaac Beeckman's 1633 journal and letters giving
the earliest known written account of multiple partials in bells
e The text of two articles on bell acoustics published by the author during the
course of this research
e The author's translation from German to English of Terhardt's 1984 paper on
the strike pitch of bells
e (alibration of the Wavanal program used for tuning analysis
e Details of all the test and reference sounds used in the virtual pitch tests.
1.3 Frequency measurements in this thesis
All the partial frequency measurements in this thesis were taken from recordings of
bells using the author’s “Wavanal’ programme. For a description of this programme and its
calibration see appendix 9. The main factor affecting the precision with which frequencies

can be measured is recording length. It is a feature of spectral analysis in Wavanal that for
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a recording of length ¢ seconds, the spectral energy appears in bins % Hz wide. This in

turn implies that frequencies in the spectrum can be measured to + 1/ Hz. For example,

2t
frequencies in the spectrum of a sound sample of length 2 seconds are spaced 0.5Hz apart.

Frequency measurements in this thesis were generally taken from 2s samples, giving
bin widths of 0.5Hz and measurements precise to £0.25Hz. When partial frequencies
measured in this way are quoted they are given with no decimal place or a final 0.5 as
appropriate (e.g. 200Hz or 200.5Hz).

More precise measurements used sound samples 10s or more long, implying a bin
width of 0.1Hz or less. Where this is the case, partial frequencies are given with one digit
to the right of the decimal point, even if this digit is zero (e.g. 200.0Hz or 200.1Hz). Where
partial frequencies are quoted in this way it can be assumed that sound samples of at least
10s in length were used.

Where very long recordings are available, more precise measurements are possible,
in principle giving further significant decimal places. However, temperature effects
(described towards the end of section 3.1.1) and issues with the equipment used to take
recordings (described in appendix 9) mean that quoting partial frequencies with more than
one decimal digit is not realistic (with the one exception of the frequency calibration

measurements in appendix 9).
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2 HISTORICAL PERSPECTIVE & LITERATURE SURVEY

2.1 Introduction
This chapter gives a brief description of, and references to, significant published
information on the acoustics of bells, with a bias towards investigations into bell pitch. It
also gives a general overview of pitch models and pitch perception, but at a high level, as
pitch detection and hearing mechanisms are not investigated in the current research. There
is an emphasis on historical context, as the history of investigations into bell acoustics has
close parallels with the development of musical acoustics in general. The rest of this
chapter covers the following subjects, illustrated by reference to the literature:
e Investigations into the partials of bells
e Theories of pitch perception
e Pitch shifts in complex tones and the dominance region for virtual pitch
e Previous studies into the pitch of bells
e Measurement techniques for partial frequencies and for pitch.
2.2 Studies into the partial structure of bells
It has probably always been recognised that bells vibrate at a range of different
frequencies (different partials can easily be heard unaided by any instrument by striking
the bell at different points in its height). However, the contribution of the various partials
of a bell to its timbre, and the ability to tune the partials independently and so control the
timbre, is a relatively recent discovery, first made in the 1630s, but for various reasons lost,
and then rediscovered in the late 19™ century
The first published work showing that musical sounds could consist of more than one
partial frequency or overtone, and that these overtones contributed to the quality or timbre
of a musical sound, was that by Nicole Oresme in 14™ century France. This knowledge was
rediscovered by a number of researchers in the 17" century. Isaac Beeckman, a Dutch
scientist and philosopher, recounts in his diary (Beeckman 1633a) a meeting with Jacob

van Eyck, who described to him the partial tones of a bell. Van Eyck was the musical
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brains behind the Hemony brothers, famous Low Country bell founders who were the first
founders to methodically tune the partials of bells. Beeckman was also in correspondence
with Marin Mersenne, who was the first to publish (in his Traité de 'Harmonie Universelle
of 1636) the fact that vibrating bodies could do so with more than one frequency. Details
of this fascinating correspondence, which I have had translated from the original Dutch and
Latin, are included as Appendix 4.

Helmholtz (1877 p. 72) makes passing reference to the partial tones of bells and it is
clear that it was common knowledge that bells had multiple partials. He quotes the notes
for the partials of a bell 'Gloriosa' cast in 1477 in Erfurt which this author has verified
against a recent recording of the bell. He also explains, probably as a result of his own
work on glass bowls and metal plates, that bell partials have various numbers of nodal
meridians spaced equally around the bell. He also notes the effect of doublets, saying 'If a
bell is not perfectly symmetrical about its axis, if, for example, the wall is a little thicker at
one point of its circumference than at another, it will give, on being struck, two notes of
very nearly the same pitch, which will beat together"'.

The first scientific investigation of bell partials and bell pitch was done by Lord
Rayleigh who investigated the partials of a number of bells and explained the phenomenon
of doublets, though he did not use this term (Rayleigh 1890). Rayleigh used doublets to
determine the number of nodal meridians (nodes running from the lip to the shoulder of the
bell) for the six lowest frequencies of vibration.

Simpson (1895, 1896) refers to an article in Encyclopaedia Britannica of 1815
explaining that ‘the sound of a bell is principally composed of a fundamental, or octave,
and of a third’. Simpson was the first writer to suggest the effect on bell timbre of the
tuning of the various partials, and to document rules for tuning them. It is probable that his
knowledge was obtained not just through his own research, but also through discussions
with bellfounders, in particular Taylors of Loughborough, who at the time that Simpson

was writing established the practical rules for tuning of partials, and re-introduced ‘true
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harmonic’ tuning (in which the hum, prime and nominal of a bell are tuned in octaves)
which since then has become the predominant tuning style because of the resulting good
quality of the bell sound. See (Hibbert 2002) included as appendix 6 for an account of this.
Taylor’s breakthrough owes much to the shape of their cast bells as well as subsequent
tuning, a shape which may well be derived from their research into continental and
Hemony bells.

Through the 20™ century a number of researchers carried out increasingly detailed
and authoritative investigations into the modes of vibration of bells. Jones (1928) did much
of his work using tuning forks, Helmholtz resonators and hand-calculated Fourier
transforms, but an increasing use of electronic methods as explained by Tyzzer (1930),
Curtiss & Gianni (1933), Slaymaker & Meeker (1954), and Griitzmacher, Kallenbach &
Nellessen (1965) allowed progressively more detailed identification of frequencies, nodal
circles and nodal meridians. Van Heuven (1949) reports on a large number of bells he was
able to investigate because they had been removed from their towers by the occupying
German forces during the 1939-1945 war — though his results are limited by the
measurement equipment at his disposal.

The two definitive studies of bell partials were carried out by Lehr (1965, 1986) and
Perrin, Charnley & De Pont (1983). André Lehr provides the practical bell-founder’s view
(he was latterly Managing Director of the Eijsbout bellfoundry in Asten). He groups the
many partials according to the number and position of their nodal circles in a manner of
practical benefit to the bell-tuner. A useful summary of Lehr's work from a practical
perspective is given in (Ayres 1983). Perrin, Charnley and De Pont carried an exhaustive
practical and theoretical investigation of a bell from Taylor’s bellfoundry, identifying 134
separate modes of vibration. They built a finite element analysis model of the bell which
predicted with reasonable accuracy the modes as observed in practice, and helped identify

some they had missed. They proposed a classification scheme based on nodal circles and
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meridians, though in later papers (Perrin & Charnley 1987a, Perrin & Charnley 1987b)
they explain that their identification of nodal circles was sometimes in error.

The Lehr and Perrin studies are of such practical importance that a detailed
comparison of them, and of the Perrin results against a recent recording of the bell they
investigated, forms an important part of chapter 5 of this thesis.

At least two other investigations into bell partials have recently been reported in the
literature. (McLachlan & Cabrera 2002) and (McLachlan 2002) describe work to design
radical new bell profiles with special arrangements of partials using finite element design.
A number of bells have been manufactured to the new designs. The bells meet the musical
objectives set but sound quite different from traditional bells of Western profile. Ozakca &
Goglis (2004) report on work, also using finite element design, to optimise the shape of
bells of Western profile to produce an exact musical relationship for the lowest seven
partials. As far as I am aware no bells have yet been manufactured to their designs.

2.3 Theories of pitch

Pitch may be defined as the characteristic of sounds that allows them to be ordered in
a musical scale. This definition has two aspects:

e Pitch determination involves comparison; the pitch of a sound is determined
as being higher or lower than other sounds

e This comparison necessarily involves the human ear; there is no way to
measure pitch with an instrument alone.

The importance of pitch to the study of bells is that it is the pitch of a bell that
determines whether the listener will judge it to be in tune with others in a set, vital to the
quality of bells as musical instruments.

There is general agreement that the perception of pitch arises from physiological
mechanisms in the ear, audio nerve and / or brain. However, there are two competing

theories of pitch perception. Both of these theories are supported by experimental
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evidence, and neither provides a full explanation of all the observed effects, especially with
complex tones, i.e. those consisting of multiple partial frequencies. The two theories are:
e The ‘place’ theory, which proposes that the pitch perception arises because
particular parts of the ear respond to specific partial frequencies
e The ‘pattern’ theory, proposing that the ear perceives pitch according to the
overall shape of the sound waveform or repeating patterns in it.

Individual people can perceive pitch in a way supported by either model under
appropriate circumstances.

It is not proposed to provide further explanation of these two theories in this thesis,
nor details of the physiology of the ear, because this is not necessary to an understanding
of the current research. Good comparison of the models with many references to other
work appear in (de Cheveigné 2004) and (Roberts 2005).

One practical aspect of pitch perception is however of great importance to the current
research. Sounds whose partials comprise a harmonic series (a fundamental frequency
together with overtones at 2 times the fundamental, 3 times, 4 times etc.) provide a strong
perception of pitch at the fundamental frequency. This perception of pitch, remarkably,
persists if the fundamental frequency is removed from the sound. This effect is variously
known as the missing fundamental, residue pitch, or virtual pitch. For clarity, the term
virtual pitch is used for this effect throughout this thesis. The effect is very powerful and
generally dominates pitch perception even when individual partials can be clearly heard.
For example, Moore (2004 p. 207) says 'the perception of a residue pitch should not be
regarded as unusual. Rather, residue pitches are what we normally hear when we listen to
complex tones'.

Virtual pitch has been shown to make a critical contribution to the perceived pitch of
bells. The use of the description ‘missing fundamental’ for this effect was probably coined
by Fletcher. His work was first applied to bells by Jones (1928). Schouten, who coined the

phrase residue pitch for this phenomenon, applied his investigations to the pitch of bells in
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(Schouten & ‘t Hart 1965). Ernst Terhardt, who was the first to use the phrase ‘virtual
pitch’ for this effect, proposed an algorithm for the determination of pitch in the case that
partials are inharmonic (Terhardt, Stoll & Seewann 1982a, 1982b), and applied his theory
to bells (Terhardt & Seewann 1984) in a paper which was translated into English by the
author as part of this research. The English translation is included as Appendix 8. Both of
these papers are further described below.

Two different modes of listening have been identified, known as spectral and virtual
pitch. These two modes can be experienced by different listeners, and by the same listeners
in different circumstances. There is a parallel between these two listening modes and the
place and pattern theories of pitch perception. In the case of spectral pitch perception, the
pitch or pitches of a sound are determined by the frequencies of individual partials even if
multiple partials are present. In the case of virtual pitch perception, multiple partials
contribute holistically to the perceived pitch. Both listening mechanisms are encountered
when investigating the pitch of bells. In particular, bell tuners, because they spend their
working life hearing out individual partials, tend to experience spectral pitch in
circumstances where other listeners experience virtual pitch. This is the author’s
experience, as well as that of others (Perrin, private communication, 2006), and (Andrew
Higson, private communication, 2007).

In the case of virtual pitch, because all the partials contribute in a complex way to the
overall pitch perception, the principle of linear superposition emphatically does not apply.
2.4 Pitch shifts and the dominance region for virtual pitch

Plomp (1967a) gives a good overview of the early history of investigations into the
pitch of complex tones, i.e. sounds with multiple partial frequencies. (de Cheveigné 2004)
and (Roberts 2005) update this historical perspective with the results of later research.

Where the partials in a sound are inharmonic, shifts in the frequency of any of the
partials can shift the perceived virtual pitch. There is robust experimental evidence for this

effect. As explained by Plomp (1967a), the effect was first noted by Hermann in 1912,
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though the cause at the time was not understood. Plomp cites work by de Boer in 1956
showing that shifts in the upper partials of a complex tone changed the perceived pitch. His
own experiments (Plomp 1967a) confirm the effect. Patterson & Wightman (1976) report
on further experiments which not only confirm the effect, but demonstrate that the size of
the effect depends on the absolute position of the complex tone and virtual pitch in the
audible spectrum, being larger at lower frequencies. The existence of the virtual pitch shift
in piano tones with inharmonic upper partials is demonstrated by experiment in
(Jarveldinen 2003), and both the shift and the enhanced effect at lower frequencies, are
further demonstrated in experiments on piano tones described by Anderson & Strong
(2005).

The experiments described in (Plomp 1967a) showed no significant difference in

pitch shifts between the two cases with the amplitude of all partials was equal, and with it

falling off as % where n was the partial number. The experiments in (Jarveldinen 2001)

were carried with partials falling off as %{ where f was the partial frequency. Most

other work on virtual pitch shifts in the literature uses partials with constant amplitude. The
tentative conclusion from the literature is that partial amplitude has a minor effect if any on
virtual pitch shifts. Other work, for example as described in (Lin & Hartmann 1996)
investigates the effect of missing components of the harmonic series, as a side effect of
other experiments. The consensus in the literature is that, with complex tones with half a
dozen or more higher partials, a virtual pitch can be experienced with up to four of the
lowest partials of the harmonic series missing. Both of these effects are investigated and
confirmed by the experiment described in section 8.3 of this thesis.

Despite the strong evidence for the shift in virtual pitch when upper partials change,
it has not been universally recognised. Moore (2004 p. 209) quotes Ernst Terhardt as
saying 'a residue pitch will always be a subharmonic of a dominant partial'. Terhardt in his

description of the virtual pitch model (Terhardt, Stoll & Seewann 1982b) uses the term
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'pitch shift' to refer to a different effect - that the pitch of inharmonic partials can be
affected by other frequencies in a complex tone, and that partial pitch depends on intensity.
Experimental confirmation of shifts in the pitch of inharmonic partials is given in (Lin &
Hartmann 1996). This effect may be related to shifts in virtual pitch, but Terhardt's virtual
pitch algorithm does not predict the virtual pitch shifts experienced in practice, as
demonstrated in chapter 10 of this thesis.

Another important concept is that of a dominance region for virtual pitch. Virtual
pitch is commonly experienced in a restricted frequency band. Moore (2004 p. 209)
continues 'Terhardt suggested that these dominant partials lie in the region between 500
and 1500Hz'". The experiments reported on by Plomp (1967a) suggest that virtual pitch
effects apply for fundamental frequencies below 1400Hz. For fundamentals above this
frequency, spectral pitch for a single partial predominates. Pfundner (1962), after
successfully explaining the strike pitches of four bells by looking for near harmonic
partials, goes to speculate that Fletcher-Munson or equal loudness effects explain why
secondary strike pitches become apparent in large bells, and why small bells have spectral
pitches based on their low partials.

In the description of the virtual pitch algorithm in (Terhardt, Stoll & Seewann
1982b) there is a discussion of the dominance region (called there spectral dominance),
citing experimental evidence from a number of researchers. Plack & Oxenham (2005
section 3.2) give an updated review of research results. Although there is no definite
conclusion about the lower and upper limits of the dominance region for virtual pitch, there
is no doubt as to its existence, and that the region is centred near 600 to 800Hz. Various
researchers report that pitch becomes very difficult to judge at frequencies above S000Hz.

There is a possible explanation of the dominance region for virtual pitch effect in
terms of the sensitivity of the ear to tones of different frequencies. The effect for pure tones
(i.e. comprising a single frequency) is well understood and quantified in published work.

Examples are the so-called Fletcher-Munson and Robinson-Dadson equal-loudness curves,
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and the A-weighting used in acoustic instruments to compensate for the different
sensitivity of the ear at different frequencies. However, to the author’s knowledge no
attempt has been made to extend this work to explain the virtual pitch dominance region.

The virtual pitch shift effect and the virtual pitch dominance region are both
confirmed and quantified for bells by the experiments reported in this thesis.

2.5 Pitch of bells
As explained in the introduction to this chapter, there are two theories of the strike
pitch of bells, related to the distinction between spectral and virtual pitch:
e The partial frequency view — that the pitch is an octave below the nominal
e The holistic view — that pitch is some overall effect of the bell, not linked to
one partial.

Rayleigh (1890) was the first to scientifically investigate this matter. He noted with
great surprise that the notes of the bells he investigated did not match any of the
frequencies of vibration he observed. In particular, a bell supplied to him by Mears and
Stainbank for his investigations came with a tuning fork tuned by the founders to the strike
pitch. The frequency of the fork was half the nominal frequency of the bell but did not
correspond to any of its partials. Rayleigh proposed, without offering any explanation, that
the pitch of a bell was half its nominal frequency. This has been adopted as standard
practice by all bellfounders, who tune the nominal partial to ensure bells are in tune with
each other, as noted in (Ayres 1983) and (Fletcher & Rossing 1998 page 685), both quoted
earlier.

Interestingly, the Mears and Stainbank foundry at Whitechapel continued to work
with ‘tap tones’ about an octave below the nominal until the 1920s but then changed their
practice to tuning of the nominal. For an example of the practice see the report by
Whitechapel on the bells of Coventry Cathedral in (Young 1926). The following
description of the approach they used (from an informal communication from Richard

Offen, onetime employee of Mears and Stainbank) shows they were tuning strike pitches

Chap. 2 - HISTORICAL PERSPECTIVE & LITERATURE SURVEY 21



holistically, not by tuning the nominal (Offen 2006): ... at the time Stockport were put in
[1897], Whitechapel were making a set of forks for each ring they produced. If I remember
the process correctly, as related to me by Bill Hughes, forks were made to correspond with
the strike note of each bell as cast. The tuning forks were then taken to a quiet corner of
the foundry and adjusted to give a set of forks that sounded in tune to the tuner. These
forks were then used to adjust the strike note of each bell, presumably by ear and not by
placing the fork on the bell to get a sympathetic resonance. Bill Hughes always used to
quote the note of a bell giving a frequency as half that of the nominal.’

In work since Rayleigh’s initial investigation, confusion over strike pitches has
arisen in at least three different areas. First, in many bells, especially those of better quality
tuned according to true-harmonic principles, the prime partial is an octave below the
nominal. Even though the prime does not make a major contribution to strike pitch, some
authors have assumed the contrary. The prime partial is often called the fundamental
because of this, a practice the author avoids to remove the confusion.

Secondly, although there is no physical frequency at the strike pitch (unless the
prime happens to lie there), various authors have supposedly demonstrated beats between
the bell’s pitch and a tuning fork or sine tone. These beats actually arise because of a
phenomenon called secondary beats, whereby two tones an octave or other harmonic
interval apart can form beats under appropriate circumstances. This effect was investigated
and confirmed by Plomp (1967b) but it still causes confusion. For an example see the
unpublished paper (Swallowe & Perrin 2001). The effect can confuse bellfounders too, as
explained to me by Nigel Taylor, head tuner at the Whitechapel bellfoundry, and can easily
be demonstrated with simulated bell sounds.

Thirdly, some investigators who accept a holistic (missing fundamental) theory for
the strike pitch attempt to explain it as a difference tone between the generating partials.
This explanation fails to predict the direction of change of the strike pitch when various

partials move. When the partial frequencies generating the strike pitch change, the
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difference tone explanation of pitch predicts that the strike pitch changes in the opposite
direction to that observed in practice, as explained by Schouten & ‘t Hart (1965).

Several authors have advanced the hypothesis that the strike pitch of bells is of very
short duration. I believe this hypothesis was attractive as a way of explaining the inability
to detect vibrational energy at the strike pitch. However, in their research on the strike
pitches of bells, Ernst Terhardt and his colleagues showed (Terhardt and Seewann 1984)
that the perceived pitch of bells was the same when the sound sample comprised:

e 3s of sound starting with the clapper impact
e 100mS of sound starting with the clapper impact
e 100mS of sound starting 600mS after the clapper impact.

This shows that the strike pitch effect is not restricted to the time immediately after
the clapper impact.

As already explained, Rayleigh (1890) proposed that a bell’s pitch was an octave
below its nominal, still the usual approach adopted in practice today. Simpson (1895,
1896) does not consider bell pitch at all, other than to note that English founders tend to
pitch a bell by its nominal, and continental founders by the prime (an example perhaps of
the first confusion above).

Jones in his two papers (Jones 1928, Jones 1930) mentions Rayleigh’s hypothesis,
reports on investigations of strike pitch with a number of test subjects, and proposes a
missing fundamental explanation for the strike pitch formed from the nominal, superquint
and missing fundamental - the first example in the literature of the holistic view of bell
pitch. He discusses the theory that the strike pitch is a difference tone but dismisses it. He
also cites work by Griesbacher erroneously reporting beats against the strike pitch (an
example of the second confusion). Finally he cites work by Biehle suggesting that strike
pitches sometimes deviate from the half nominal. Jones’ proposal of a holistic explanation
for perceived pitch has proved to be correct, though he did not have a physical or

physiological explanation for his observations.
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In the bells studied by Tyzzer (1930) the prime partial was very close to the half
nominal and strike pitch and Tyzzer does not comment on the origin of bell pitch. The
bells investigated by Slaymaker & Meeker (1954) also had this quality and the authors
refer to the prime partial throughout as the strike note.

Meyer & Klaes (1933) report experiments on a bell deliberately cast with a non-
octave prime to avoid this problem. They showed, using filters to selectively remove
partials from a bell sound, that both the nominal and superquint needed to be present for a
strike pitch to be heard. Bagot (1982) explains how he repeated this experiment on a bell
recording with the same result — though the experiment in section 8.3 shows that with a
number of higher partials present, the strike note survives removal of the superquint and
octave nominal. Meyer and Klaes (1933) also report on another study of 500 bells in which
adjustable tuning forks were used to ascertain the strike pitch. They reported discrepancies
between strike pitch and half-nominal of up to half a semitone, with 60% of the bells tested
showing a deviation of more than a quarter of a semitone.

Arts (1938, 1939) showed by examination of a number of bells that the strike pitch
was not explicable as a difference tone between nominal and superquint. He favoured
Rayleigh’s hypothesis, but also reported on the phenomenon known as secondary strike,
where in bigger bells a second, higher strike pitch is heard, an octave below one of the
partials higher than the nominal. He also reported secondary beats between a tuning fork at
the strike pitch and higher partials.

Van Heuven (1949) devotes a whole chapter of his thesis to strike pitches. He
correctly dismisses the explanation as a difference tone, but proposes that the strike pitch is
an octave below the nominal due to interaction between clapper and bell, i.e. the way the
clapper bounces at the moment of impact. A further theory of the strike pitch, similar to
Van Heuven's hypothesis, was proposed by George Elphick, an eminent bell historian
(Elphick 1988 pp103-106). He subscribed to the theory that the strike pitch is an octave

below the nominal, and that the difference of an octave is due to the initial asymmetric
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distortion of the bell when the clapper hits it. This would give rise to a strike pitch which
rapidly disappeared after the clapper impact which, as has been explained, is not the case
in practice. The missing fundamental effect is easily observed in artificially created
waveforms, which disproves both theories.

Pfundner (1962) reports on investigations into four bells with unexpected strike
pitches and shows that in all cases they can be explained by looking for higher partials with
frequencies related by small integers to the strike pitch.

Lehr in an early paper (Lehr 1951) assumes the strike pitch is an exact octave below
the nominal — the bells he studied in this paper were largely true-harmonic. In a later paper
(Lehr 1965) in which he proposes his classification scheme for bell partials the only
reference to strike pitches is to ‘the problem of the strike note about which Prof. Schouten
reports more extensively’.

Schouten had previously done research into residue tones, i.e. the missing
fundamental effect, and went on to apply this approach to bells (Schouten & ‘t Hart 1965).
The work proved using electronic tones that the nominal and superquint generate a missing
fundamental, an effect enhanced by the addition of the octave nominal. He confirmed that
the strike pitch is due to a residue effect rather than difference tones by considering the
effect of mistuned partials; the strike pitch moves the wrong way if a difference tone is
assumed.

Following their publication of an algorithm for virtual pitch estimation in complex
tones (Terhardt, Stoll & Seewann 1982a, 1982b), Terhardt and Seewann went on to carry
out a major study of bell strike pitches (Terhardt & Seewann 1984). Their primary
objective was to use bells as confirmation of their theory of virtual pitch, but the work is
also important as a study of strike pitches. A number of test subjects were asked to
determine the strike pitches of 137 bells using two different methods, and their results were
compared with those predicted by the virtual pitch algorithm. The results proved that strike

pitches were a virtual pitch effect. Although both the test subjects and the algorithm
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provided more than one candidate pitch, in 79% of the bells tested the highest ranked pitch
identified by the test subjects agreed to the nearest semitone with the highest ranked pitch
predicted by the algorithm. However, the exact frequency of the strike pitch was not
predicted well by the algorithm. Terhardt later published a software implementation of the
algorithm, which has been tested by the author. Terhardt’s algorithm does not correctly
predict the shift in perceived pitch caused by changes in upper partial frequency, despite
these pitch shifts being clearly audible in practice. A description by the author of the
effects and their cause from the early stages of this research is given in (Hibbert 2003).

Two attempts have been made so far to quantify the shift with partial frequency in
bells. The first, reported on very briefly by Greenhough (1976), gives an analysis of the
partials of two bells, and then reports on experiments on two subjects determining the pitch
of synthesised sounds, with the relative frequencies of the partials derived from the bells,
but with equal amplitude. The experiments showed that the nominal, superquint and octave
nominal determined the pitch of the strike note.

The second attempt to quantify the shift in strike pitch with partial frequency in bells
was the work by Eggen & Houtsma (1986). These researchers took a recording of a
Hemony bell, and by digital manipulation of the waveform were able to shift the frequency
of individual partials. They quantified the effect of the lowest nine partials on strike pitch,
varying each individually, and discovered that the nominal, superquint and octave nominal
had the greatest effect. They also looked at the effect of multiple partials changing
together.

The work of Greenhough and of Eggen & Houtsma is of great importance (not least,
it provides confirmation of virtual pitch as the explanation for the strike pitch). However,
both sets of experiments have two drawbacks that mean the results cannot be applied in

practice:
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o The tests were carried out at a single point in the audible spectrum, though
Patterson and Wightman had already shown that the effects vary at different
frequencies

e The changes in partial frequency, singly or in combination, are not those
encountered in practice in bell tuning.

The main objective of the work described in this thesis, building on the work of
Terhardt and Seewann, Greenhough, and Eggen and Houtsma, is to establish the
quantitative relationship between partial frequencies and strike pitch, in such a way that the
results can be applied in practice in the tuning of bells, across the full range of frequencies
encountered.

2.6 Measurement techniques for partial frequencies and pitch

The development of understanding of bell partials and strike pitches has been limited
by the measurement techniques available. Partial frequency measurement and strike pitch
measurement are two quite different problems.

2.6.1 Partial frequency measurement

Lehr (1965) compares the various methods of frequency measurement. Accurate
determination of partial frequencies was not possible until the invention of the tuning fork;
prior to this, bell pitches were compared with notes played on other musical instruments.
Rayleigh (1890) and Jones (1930) also used Helmholtz resonators, and Rayleigh counted
beats of partials against notes on a harmonium.

Van Eyck and the Hemonys used vibrating metal bars, similar in principle to tuning
forks but more difficult to use in practice. Measuring the frequencies of all the significant
partials in a bell using forks requires a large range of fork frequencies or adjustable forks
that are well calibrated, experience in counting beats, and plenty of time. Work in the early
part of the century on higher partials had to be restricted to big, low pitched bells because
forks with the required high frequencies were not available. In any case, counting of beats

at high frequencies is impractical. Work done using tuning forks is described by Jones
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(1928, 1930). The use of forks for bell tuning beginning in the late 19th century allowed
accurate tuning of bell partials for the first time since the techniques of the Hemonys were
lost at the end of the 17th century. A description of the Taylor bellfoundry's rediscovery of
true-harmonic tuning, and of the changes in their tuning practices brought about by the use
of tuning forks, is given by the author in (Hibbert 2002).

The advent of electronic methods brought about a complete transformation in
techniques. Most of the detailed work on determination of patterns and frequencies of
vibration was done using excitation of the bell by an electronic oscillator linked to a
transducer attached at a suitable point to the bell. Detection used either a stethoscope (to
allow the location of nodes and antinodes to be discovered), or electronic transducers.
Work done using these techniques is described by Tyzzer (1930), Curtiss & Giannini
(1933), Van Heuven (1949), Griitzmacher, Kallenbach & Nellessen (1965), and Perrin,
Charnley & DePont (1983). These methods of determination were still very time intensive;
I am told by Robert Perrin that the investigations done by Tom Charnley took months or
years because the transducer had to be re-fixed to the bell with Plaster of Paris for each
new point of excitation.

Electronic analysis of the radiated sound is very much faster. Slaymaker & Meeker
(1954) used a Stroboconn for measurement of partial frequencies in the sound. These
instruments pick up the sound via a microphone, use the sound vibrations to turn a neon
strobe light on and off, and measure the frequency with spinning marked discs whose
rotational speed is adjusted until the marks are stationary in the strobe light. The
Whitechapel bellfoundry still uses these instruments for bell tuning. Pfundner (1962)
reports on work done using an electronic frequency counter.

Even quicker are spectrum analysis packages used to analyse digitised sound on a
computer. Packages with many different capabilities are now available for personal
computers. All the analysis work done for this thesis uses a program (Wavanal) written by

the author specifically designed for bell analysis. Accurate determination of all audible
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partial frequencies can now be done in seconds, compared with the hours it would have
taken with forks. The relative amplitudes of the partials in the radiated sound are also
easily observed.

2.6.2 Strike pitch measurement

No such simple methods as are used for measurement of frequency exist for the
determination of pitch. As explained above, pitch determination necessarily requires the
active involvement of a human subject, and involves comparison of test and reference
sounds. In much of the work reported in the literature, strike pitches of bells were
compared against sine tones, either from forks or generated electronically. Comparison of
complex tones against sine tones has two disadvantages:

e The subject is comparing sounds with very different timbres, which
introduces extra difficulty in experiments

e [fthe test and reference sounds are played simultaneously, there is a risk of
the subject listening for beats, forcing spectral rather than virtual pitch
determination.

Three different ways of pitch matching have been traditionally used:

e Adjustment of a test tone which is continuously variable using a
potentiometer or other such device

e Matching against a set of test tones or tuning forks spaced some interval apart

e Binary tests between pairs of tones, i.e. a higher / lower judgement, where the
experimenter is looking for a better success rate that the 50% expected from
chance.

In the literature on the strike pitch of bells, Meyer and Klaes (1933) report results
from comparison against tuning forks. Greenhough (1976) states only that a pitch matching
technique was used. This is inferred to be a comparison against continuously variable sine
tones, as were the tests reported on by Eggen and Houtsma (1986). Two experimental

approaches were described by Terhardt & Seewann (1984), one involving matching against
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a continuously variable sine tone, and the other involving the test subject singing or
humming the perceived pitch of the bell. In the latter, bell sound and the subject's
performance are both recorded for later analysis.

This technique of vocal reproduction, although not suitable for test automation, is the
preferred method of the author for quick estimation of pitches, and was employed in two of
the experiments in this thesis.

To avoid the disadvantages of sine tone matching, and to allow test automation, the
author has devised a new method of pitch comparison where the two sounds to be
compared are complex tones (i.e. with multiple partials) with similar timbre. To allow test
automation with simple software, the author's pitch tests involve comparison against a set
of complex tones spaced a defined interval apart. The method used will be described in
detail and justified in chapter 6.

Since this method was devised and trials of the tests began a few years ago, two
reports have been published of similar tests, both co-incidentally investigating pitch shifts
in piano strings due to inharmonic partials. Jarveldinen (2003) and Anderson & Strong
(2005) both matched artificially generated piano-like sounds with inharmonic partials
against similar sounds with harmonic partials. Jarveldinen (2003) says 'Sine tones were
rejected for the practical reason that the aim is to correct the differences between
harmonic and inharmonic tones, and because the pitch comparison was easier between
sounds of similar timbre.’ Both sets of results confirm that 'stretching' the upper partials of
sounds sharpens the perceived pitch, which is in line with the results of the current

research.
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3 INTRODUCTION TO BELL ACOUSTICS

3.1 Introduction
This chapter gives a brief introduction to bell acoustics. The topics covered are as
follows:
e An example of the spectrum and associated partial frequencies of a bell
e Examples of the historical development of the shapes of bells
e An overview of the processes by which bells are cast and tuned, together with
a discussion of doublets and of true harmonic tuning
e An analysis of partial amplitude from recordings of a number of bells,
highlighting the acoustically important partials
e An explanation of the virtual pitch effects which dominate pitch perception in
bells, and the effect in heavier bells known as ‘secondary strike’
e Examples of virtual pitch shifts experienced in practice
e An explanation of the effect on upper partial spacing of the relative thickness
or weight of bells.
3.1.1 Acoustics of a typical bell
Bells have distinct but inharmonious partials. In this thesis ‘partial’ is used to mean a
frequency of vibration present in the sound of a bell. These partials in turn arise from
modes of vibration of the bell. In most cases these modes of vibration occur in degenerate
pairs as described in (Perrin 1973) and (Perrin 1977). These pairs of modes of vibration
can have different frequencies and form a doublet, as described below in section 3.2.4.
However, for the purposes of this work the doublet is treated as a single partial, whose
frequency is taken as the frequency in the pair with the greater amplitude.
Figure 3-1 shows a typical spectrum of a bell sound. The bell is the old 9" bell at St
Mary le Tower, Ipswich, cast by Warners in 1866. The analysis was done over 2s of sound.
The vertical scale is logarithmic to emphasise the importance of the labelled partials. This

bell has already been described briefly in the introduction.
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Ipswich St Mary, old no. 9 bell
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Figure 3-1 Spectrum in dB of Ipswich St Mary le Tower old 9th bell

The frequencies and musical relationships of the main partials are shown below in

Table 3-1:
Partial Freq (Hz) | Note Ratio to lowest | Ratio to nominal
frequency
Hum 201.9 G#(3)-48 | 1.00 0.28
Prime 323.7 E(4) - 30 1.60 0.45
Tierce 424.2 G#(4) +37 | 2.10 0.59
Quint 562.8 C#(5)+26 | 2.79 0.78
Nominal 723.4 F#(5)-38 | 3.58 1.00
Superquint 1091.4 C#(6) -26 | 541 1.51
Octave Nominal | 1507.3 F#(6)+ 32 | 7.47 2.08
1-7 1959.3 B(6) - 13 9.70 2.71
1-8 24432 D#(7) - 31 | 12.10 3.38
1-9 2948.3 F#(7) - 6 14.60 4.08
1-10 3467.6 A(7)-25 17.17 4.79
I-11 4000.8 B(7)+22 | 19.82 5.53
I-12 4536.5 C#(8) +39 | 22.47 6.27
I-13 5077.1 D#(8) + 34 | 25.15 7.02

Table 3-1 Main partials of Ipswich old 9th

The figure in parentheses after the note-name gives an indication of the octave, and
the final figure is the deviation in cents from the equal tempered note based on
A(4)=440Hz (one cent is 1/100th of a semitone). The cents calculation uses the standard

formula (after Helmholtz 1877)

cents =ﬂxloge(£jEl731.234><10ge(£j. (3-1)
log,(2) /
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The ratios of the frequencies are given relative to the nominal because that partial
determines the note name of the bell. This bell sounds F# when struck — it has a strike pitch
of about 362Hz.

The partials in this bell do not form a harmonic series in relation to the lowest

frequency (the hum). The relationship of the frequencies of nominal to superquint to octave

nominal is a near-miss to a harmonic series with ratios of % : % : % - a harmonic

series with no fundamental. The strike pitch of this bell (as with all bells of Western shape)
is about an octave below the nominal, i.e. somewhat flat of F#(4). There is no partial with
this frequency in the sound of the bell. The prime is the closest in frequency to the strike,
but as reported extensively in the literature and covered in the previous chapter, tests on
bells with mistuned primes show that the prime does not determine the strike pitch of a
bell. The most prominent partial, the superquint, does not determine the pitch heard. The
absence of the strike pitch from the partial frequencies - the strike pitch paradox - leads to
the explanation of strike pitch as a virtual pitch effect.

It is not known when bellfounders first realised that bells vibrate in multiple modes
each with its own distinct frequency. The first written description known to the author
dates from the 17" century (Beeckman 1633a). The partials with lower frequencies have
traditional names, implying long knowledge of their existence, but those with higher
frequencies, which are difficult to observe in practice but have a significant effect on bell
timbre and pitch, have only been fully investigated in the last few decades.

A major innovation in bell tuning was the discovery that the relative frequencies of
some of the lower partials (in particular the hum, prime, tierce and nominal) have a critical
effect on the musical quality of a bell. In so-called true-harmonic tuning, the hum, prime
and nominal are tuned in perfect octaves. To achieve this required both detailed changes in
the shape of the bell, and the ability to tune the partials by removal of metal from the inside
and sometimes the outside of the bell. This skill was first perfected by the Hemony

brothers and Jacob Van Eyck in the early 17" century, lost, and then redeveloped at the
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end of the 19" century in the UK (Hibbert 2002). Modern bellfounders are able, through
design of the shape of the bell and subsequent tuning, to control the relative frequencies of
the lowest five partials. As well as hum, prime and nominal in perfect octaves, the tierce is
put a minor third above and the quint a fifth above the strike pitch (i.e. a major 6th and a
4th below the nominal). The Ipswich bell given as an example here is not true-harmonic;
the hum is about a tone sharp and the prime about a tone flat.

The tuning of bronze bells remains stable over long periods of time. Atmospheric
pollution over a period of decades or centuries can cause corrosion of the bell’s surface and
alter the partial frequencies, especially in urban environments. However, this is unusual,
and the author has verified partial frequency figures from recent recordings of bells tuned
50 and 100 years ago against the tuning figures noted by the bellfounder at the time of
manufacture, and found a very good correspondence. It is likely that the partial frequencies
of bells much older than this remain as the bellfounder intended. Steel bells on the other
hand suffer from rapid corrosion from water vapour in the atmosphere if not protected by
paint or some other coating.

The frequencies of bell partials are affected by temperature, flattening as the

temperature rises. The temperature co-efficient of the frequencies in bronze bells is given

in (Terhardt 1984) as —1.5x10™* per degree C. This is equivalent to a fall of 2.6 cents in
frequency per 10 deg. C. rise in temperature. Because all partials in all bells in a peal are
changing in the same proportion, the bells will remain in tune at different temperatures,
though rapid changes in environmental conditions causing different bells to be at different
temperatures could give rise to tuning problems. Because all partials track together, and the
primary interest in this research is the ratio of partials rather than their absolute values,

temperature can be ignored for the purposes of this thesis.
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3.2 Production and tuning of bells
3.2.1 The shape or profile of bells

Bells (at least for the purposes of the current research) are bronze or sometimes steel
castings specifically shaped to produce a more or less musical sound. The bronze
commonly used, known as bell metal, is an alloy of about 77% copper and 23% tin chosen
for its musical properties. The earliest known bells were cast in China in the 19" to 16"
centuries BC. Roman handbells dating back to the 1% century AD have been found in
Britain, and there is documentary evidence of the casting and use of bells in Ireland and the
mainland UK from the 5™ century onwards.

For a full description of the processes used in bell manufacture and tuning, and the
history of changes in technique and bell shape, see (Lehr 1965), (Elphick 1970), (Elphick
1988), (Price 1983), and (Jennings 2006).

Bells in the Western and Eastern traditions have evolved into quite different shapes.
Eastern bells are more or less cylindrical or barrel-shaped with a domed top or crown, as

Figure 3-2 shows (a modern temple bell in the Shiteno-ji, Osaka, Japan).

Figure 3-2 Modern Japanese bell

Figure 3-3 shows a modern Chinese bell (in the Great Bell Museum, Beijing):
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Figure 3-3 Chinese bell cast in 1997

The shape of Western bells reached its current form in the early middle ages. Four

examples of the evolution follow.

FigUre 3-5 avérsfield bell (dated 1207 — 1219)
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Figre 3.7 Knightsrid bell (dated 1892)

No written records exist of the design process which led to the final shape of Western
bells, but comparisons of bells of different shape show that the musical quality of bells
improves considerably as the shape changes towards that of a modern bell. It is likely that
the sequence of shape changes resulted from trial-and-error modifications to try to improve
the musical sound of bells.

Figure 3-8 below shows a cross-section of a bell casting:
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Figure 3-8 Diagram of bell showing constituent parts

The various parts of the bell are named as follows:
e a—liporrim
e b- soundbow
e - waist
e d -shoulder
e c¢-crown
e f-canons.
The canons were used traditionally to attach a bell to its support. Modern bells are

cast with flat tops and bolted to the headstock or beam.

Figure 3-9 Australian bell with special profile

Recent work on bell design in Australia is reported on in (McLachlan & Cabrera
2002) and (McLachlan 2002). Finite element analysis was used to design bells with

particular tonal qualities, which were then cast in moulds made using numerical controlled
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tools. The bells were designed on a number of different principles, such as to have
harmonic partials or multiple pitches a planned interval apart. The profiles of these bells
are complex as can been seen from Figure 3-9.

3.2.2 The numbering and names of bells in peals and carillons

Bells used in sets together are given numbers and names, and the terminology differs
according to use and geographical location. Peals of bells hung for change-ringing (the
common practice in the UK and sometimes in the US, Australia and elsewhere) normally
comprise between 5 and 12 bells tuned to a diatonic scale. The smallest bell is called the
treble and the largest the tenor. The bells are numbered in sequence from 1, the treble /
smallest bell, down the scale to the tenor which has the highest number. If semitone bells
are provided (to allow the use of a diatonic set with a smaller bell as the tenor) the
semitones are designated sharp second, flat sixth etc.

In carillons — sets of at least 23 bells designed for the performance of music from a
keyboard or clavier — the bells are numbered in the opposite way, so that the largest bell is
number 1 and the smallest has the highest number. Semitone bells, which are normally
provided in carillons to allow modulation between keys, are numbered in sequence rather
than being described as sharp or flat. The lowest semitone is sometimes omitted in
carillons as it is rarely needed in performance.

3.2.3 Casting of bells

Bells of traditional Western shape are cast in moulds comprising two parts, an inner
mould or core, and an outer mould or cope. There are several ways in which these moulds
are produced; a typical method is to use strickle boards shaped to the inner or outer profile
of the bell, rotating around a circular pivot, to shape the mould which is usually formed
from loam, a mixture of clay and other materials. Sometimes a false bell of wax is built
upon the inner core and the outer cope formed around it (the lost wax process).

Figure 3-10 shows the core being built up using a strickle.
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Fiue 3-11 Ii core and cope o ;bmould .

Figure 3-11 shows cope and core being fitted together prior to casting of the bell, and
should give a sufficient idea of the process.
3.2.4 Tuning of bells

Fine control of the shape of the bell is critical to its sound, because of the effect on

the relative frequencies of the various partials. The moulding and casting process is not

precise, and although some bells emerge from the mould 'in tune with themselves' - these
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are known as maiden castings - the usual process is to err on the side of caution, and leave
metal to be removed during a tuning process. Tuning of a bell has two objectives:
e To have the strike pitch of the bell (the note we hear) sound in tune with other
bells in a ring or carillon - known as outer tuning
e To have the various partial frequencies of the bell in harmonious relationship
with each other - known as inner tuning.

To tune a bell, metal is removed from the inside on a vertical lathe. The bell rotates
and a cutting tool attached to the vertical post is used to remove the metal. During the
tuning process, the frequencies of the important partials are measured, traditionally by
beating against tuning forks, but nowadays using electronic methods. Figure 3-12 shows an

example of a tuning machine in use.

T

':;.‘ ’ﬂ’ - s 7
ine in use

Figure 3-12 Bell tljnin m:;:h

Bell tuning is as much art as science, because removal of metal from a particular
annular circle inside the bell affects the frequencies of multiple partials in different ways.
Also, metal once removed cannot be replaced. Lehr (1965) provides details of experiments
showing how each partial is affected by removal of metal at various points.

As aresult, bell tuning is an iterative process. The bell is tested after each tuning cut
to check on progress towards the desired result. Paradoxically, because of the interplay

between stiffness and mass determining the frequency of each partial, removing metal
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generally lowers the pitch of a bell even though lighter bells of the same shape are higher
in pitch.
3.2.5 The problem of doublets

One of the concerns in casting and tuning a bell is to ensure that it is symmetrical
about a vertical axis through its centre. If this is not so, most of the vibrational modes in
the bell split into two distinct modes with different frequencies.

A good illustration of this is given by a china mug as shown in Figure 3-13. If the
rim of the mug is hit with a teaspoon above the handle, or at points 90, 180 and 270
degrees displaced from this (points A in Figure 3-13), a lower note is produced than if the
mug is hit at points 45, 135, 225 and 315 degrees from the handle (points B in Figure 3-
13). If the mug is hit at other points, both notes are heard. The simplest mode of vibration
of the coffee mug rim has four nodes and four antinodes equally spaced around the rim.
The extra mass of the handle makes the frequency lower if the handle is at an antinode (i.e.

moving) than if it is stationary.

Figure 3-13 Diagram of a china mug showing doublets

In bells, the same effect exists if the bell is not exactly circular. The pair of modes is
called a doublet. If the two vibrational modes are both active, as is usually the case unless
the clapper happens to strike exactly on a node of one mode, the modes beat against each
other producing a warbling sound. This warbling spoils the tone of the bell if too

pronounced. Rayleigh (1890) describes the use of doublets in bells in an ingenious fashion
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to investigate the number of nodes of each vibrational mode around the bell. Robert Perrin
carried out an analysis of doublets using group theory, reported in (Perrin 1977).
3.2.6 True-harmonic tuning

A major innovation in bell design and tuning was the introduction of true-harmonic
tuning by the Hemonys, as rediscovered by the Taylor bellfoundry and others in the late
19th century. (Hibbert 2002) included as Appendix 6 gives an account of this. In true-
harmonic tuning, certain key partials (the hum, prime and nominal) are tuned in perfect
octaves, which brings about a considerable improvement in the sound of a bell. To achieve
true-harmonic tuning, three things are necessary:

e To understand the contribution of the various partials to the overall sound of
the bell

e To find a shape for the bell which brings the three partials into approximately
the correct relationship

e To understand where metal should be removed from the inside of the bell to
bring the three partials into the exact relationship.

In addition, the bellfounder must ensure that the strike pitch of the bell is 'in tune'
with the other bells in the peal or carillon, and must control the relative frequencies of
other partials (especially the tierce and the quint).

The tierce partial makes an important contribution to the overall sound of a bell. In
most bells it is a minor third above the strike pitch (i.e. a major sixth below the nominal)
and it is this partial which gives bells their characteristic ‘minor’ sound. Bellfounders
control the frequency of the tierce by the shape of the bell (particularly in the area of the
soundbow or lip) and most do not attempt to tune it on the tuning machine. Why this is so
will be explained in chapter 5.

Some bellfounders also claim to 'tune' partials above the nominal, in particular trying
to bring further partials into an octave relationship. The impossibility of doing this in bells

with the traditional Western profile is also shown in chapter 5.
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3.3 Partial amplitudes

A number of factors affect the amplitude of the various partials in the sound of a bell
(as shown in the spectrum in Figure 3-1). These include:

e Mechanical characteristics of the bell, i.e. its shape and wall thickness and the
composition of the metal

e The clapper material and the dynamics of the impact as the clapper hits the
bell

e The acoustics of the room or building in which the bell is housed.

Perception of loudness of sounds in the ear also varies with frequency.

Bell towers typically have internal dimensions of the same order of magnitude as the
wavelengths of the partials. The physical dimensions of the bell (mouth diameter and
height) are also of the same order of magnitude as sound wavelengths. A bell swing-
chimed or rung full circle as explained below is moving quickly within this enclosed space.
As a result, the effect of room acoustics on the sound of bells is considerable. Some
preliminary experiments were conducted on room acoustics and clappering as part of this
research, but it was realised that the complexity of the subject was such that it could not be
adequately dealt with in this thesis.

Bells of Western design are rung or sounded in three ways. In carillons, which
consist of bells arranged to be played from a keyboard or automatic chiming mechanism,
the bells are hung stationary and each is sounded with an internal or external clapper
arranged to bounce away from the bell after the strike. For bells which are swing-chimed, a
common practice in Europe, the bell is hung from a pivoted headstock and swung through
an arc of typically less than 90 degrees either side of the mouth downwards position. The
clapper, pivoted inside the crown of the bell, hits the bell near the top of each swing and
again bounces clear. The clapper hits the bell harder than is the case for bells in a carillon.
The Doppler effect of the moving bell is clearly audible, and can be seen in recordings as a

broadening or splitting of lines in the spectrum.
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In bells hung for full-circle ringing, the common usage in the UK, the bell swings
through 360 degrees starting from rest in a mouth-upwards position. The clapper is again
pivoted inside the crown of the bell and hits the bell as it rises towards its mouth-up
position. Unlike swing chiming, the clapper lies against the rim of the bell as it rises
towards the mouth-up position. Again, the Doppler effect of the moving bell is very

evident.

Figure 3-14 Bell b dng ung full circle o

Figure 3-14 shows a bell from Howden Minster in Yorkshire being rung full-circle.
The bell is rising to the mouth-upwards position (turning clockwise) — it is pivoted on the
bearings at either end of the blue headstock. The clapper has hit the bell and is now lying
against the rim. The bell will come to rest mouth upwards and then begin to turn anti-
clockwise, throwing the clapper ahead as it turns.

Practical experience of recording and investigating bells has shown that bells rung
full-circle or swing-chimed have more prominent higher-frequency partials than bells
which are chimed as in the carillon usage.

Experiments described in the literature and the work covered in section 8.3 show that
differences in partial amplitude have a minor effect if any on virtual pitch shifts. However,
to make the virtual pitch experiments as realistic as possible, measurements from a number
of bell recordings were averaged to get typical values for relative amplitudes. As the main

application of the experimental results is for bells rung full-circle, all the recordings used
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were of bells rung in this fashion. The recordings were taken with an AKG C1000S

condenser microphone placed at varying distances from the bell. The output of the

microphone was recorded via an M-Audio MobilePre USB pre-amplifier connected to a

Toshiba Satellite Pro 4600 laptop. The bells were chosen to have a range of weights and

tuning styles. The amplitudes for each bell are taken over the first 250ms after the clapper

strike. This time period allows the amplitudes measured to be used in the virtual pitch tests

as explained in Section 6.7.

Figure 3-15 shows the results of the average, as used in the experiments reported on

later in the thesis. Each bell sound is normalised using the root-mean-square of all the

partial amplitudes for that bell. The units of the amplitude in the figure are arbitrary; and

are measured as voltages from a microphone, i.e. are sound pressure levels on a linear

scale. The partials chosen are those which determine the strike pitch (as confirmed by the

experiments in chapter 4), the lowest five partials (hum, prime, tierce, quint and nominal)

which are traditionally tuned by bellfounders, and other prominent partials as seen for

example in Figure 3-1 above.
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Figure 3-15 Relative partial amplitudes of 15 bells

Though these average amplitudes were used in the virtual pitch tests to make them as

realistic as possible, it’s worth pointing out that in the virtual pitch experiments by Plomp
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(1967a) and in the experiment described in section 8.3, it was found that partial amplitude
did not significantly affect virtual pitch shifts.
3.4 Formation of strike pitch

The reports in the literature and the work of various researchers make it clear that the
strike pitch of bells (the predominant note heard when a bell is struck) is a virtual pitch or
missing fundamental effect, unless the bells are small, as explained below. What is
required for this to occur is a set of partials forming an approximate harmonic series (i.e.
with frequencies in the approximate ratio 2 : 3 : 4 etc.). A virtual pitch is then heard at
about half the frequency of the lowest partial. An examination of the partial frequencies of

the Ipswich bell as shown in Table 3-2 is illuminating in this regard:

Ratios based on:
Freq. Hum | Prime | Tierce Quint | Nom’l S'quint | Oct. I-7 I-8
Nom.
Hum 201.9 1.00
Prime 323.7 1.60 1.00
Tierce 4242 2.10 1.31 1.00
Quint 562.8 2.79 1.74 1.33 1.00
Nominal 723.4 3.58 2.23 1.71 1.29 1.00
S'quint 1091.4 | 5.41 3.37 2.57 1.94 1.51 1.00
Oct. Nom. | 1507.3 | 7.47 4.66 3.55 2.68 2.08 1.38 1.00
1-7 1959.3 | 9.70 6.05 4.62 3.48 2.71 1.80 1.30 1.00
I-8 24432 | 12.10 | 7.55 5.76 4.34 3.38 2.24 1.62 1.25 1.00
I-9 2948.3 | 14.60 | 9.11 6.95 5.24 4.08 2.70 1.96 1.50 1.21
I-10 3467.6 | 17.17 | 10.71 | 8.17 6.16 4.79 3.18 2.30 1.77 1.42
I-11 4000.8 | 19.82 | 12.36 | 9.43 7.11 5.53 3.67 2.65 2.04 1.64
I-12 4536.5 | 22.47 | 14.01 | 10.69 8.06 6.27 4.16 3.01 2.32 1.86
I-13 5077.1 | 25.15 | 15.68 | 11.97 9.02 7.02 4.65 3.37 2.59 | 2.08

Table 3-2 Partials of Ipswich old 9™ showing harmonic series

The sets of partials fitting an approximate harmonic series are highlighted. The strike
note of this bell is approximately 362Hz.

In bells of middling size (i.e. neither very big nor very small), the partials giving rise
to the strike pitch are the nominal, superquint, octave nominal and potentially higher
partials. In these bells, the strike pitch is about half the nominal frequency. In current
practice, bellfounders assume the strike pitch is exactly half the nominal frequency, i.e. an

octave below, and tune bells accordingly.
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The effect of the strike pitch is dominant in the sound of a bell under most
circumstances. The description of it as a virtual pitch suggests something subtle or
ephemeral but this is not the case. The experiments reported on in this thesis further
confirm the explanation of strike pitch as a virtual pitch effect, as already demonstrated by
previous researchers.

3.4.1 Pitches of bells with different nominal frequencies

The discussion in section 2.4 on the dominance region for virtual pitch is of
relevance to the perceived pitches of bells. Though authors differ on the details, there is
agreement that there is a preferential range of frequencies for virtual pitches, possibly in
the range 500 to 1500Hz. In bells of middling size, as explained in the previous section, the
virtual pitch based on the nominal and partials above it falls into this region and the
nominal determines the perceived pitch. In very large bells, the virtual pitch based on the
nominal falls below the dominance region, and virtual pitches based on higher partials are
also experienced. This effect, known as secondary strike, has traditionally puzzled
bellfounders. The additional pitch, often a musical fourth above the pitch based on the
nominal, can spoil a bell’s tone. For an illustration of this see the account of the dispute
between Cyril Johnston (bellfounder) and Frederick Mayer (carillon consultant) regarding
the bass bell at the Riverside Church, New York in (Johnston 2008 pp.89-92). Not all
listeners experience secondary strike in big bells. Some writers have suggested that the
secondary strike may be caused by metal composition or some other aspect of the design of
large bells. However, recordings of bells of higher pitch not displaying secondary strike
demonstrate it when slowed down, lowering the pitch while preserving the relative
frequency of the partials.

In the case of small bells, when the nominal is high in frequency, all virtual pitches
formed by the bell’s partials lie above the dominance region, and the pitch or pitches
perceived in the bell are spectral pitches based on the frequency of the lowest partials. This

change in pitch mechanism is a design problem in the manufacture of carillons, which
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often have very small bells with very high pitches. The partials which determine the pitch
of the bells, and in consequence whether they sound in tune, change as the bells get
smaller, and as will be seen, may differ from one listener to another. In some very light
peals of change ringing bells, the pitch perception mechanism can change for a particular
listener as the bells ring down the musical scale, giving the impression of an octave leap in
the middle of the peal.

Though these effects are described in the literature, comprehensive experiments have
not been carried out to quantify the impact of the virtual pitch dominance region on virtual
pitch. Chapter 4 of this thesis reports on two sets of experiments conducted by the author
to investigate this area. The first experiment explores the secondary strike effect in large
bells. The second experiment investigates the effect of the dominance region and virtual
and spectral pitch effects across a wide range of frequencies.

3.5 Strike pitch shifts

Today's bellfounders assume that the strike pitch of a bell (its musical note) is an
exact octave below the nominal partial. The nominals of a set of bells are tuned to be
exactly aligned with one another in the expectation that the bells will then sound in tune
together. However, in reality other partials than the nominal affect the pitch which is
perceived, to an extent that is clearly audible as mistuning.

In the author’s personal experience, lighter bells in peals can sound flat even though
the nominals are in tune. For example, a peal of eight bells at St Edmund, Southwold,
Suffolk was retuned by one of the UK's leading bellfoundries in 1990 with nominals tuned
very exactly. When ringing on these bells I noticed that the higher pitched (treble) bells
sounded distinctly flat or dull in tone compared with the lower pitched (tenor) bells. I
carried out experiments by artificially sharpening the highest pitched bells (by shrinking
the timebase of the individual bell recordings) and creating simulations of the bells rung
together. In order for the treble bells to sound in tune to my ears, I had to sharpen the

smallest by 35 cents (1/3 of a semitone) and the next smallest by 20 cents (1/5 of a
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semitone). These would be significant tuning discrepancies if experienced by all listeners. I

discussed the tuning of the bells with the foundry who did the work and they remarked that

the different timbres of the various bells had made tuning difficult.

Selected partial frequencies of the eight bells are shown in Table 3-3:

Bell Founder, date Nominal Nominal Superquint Oct. Nom.
(H2) (cents) (cents) (cents)
1 Moore, Holmes & 1419.5 1204 641 1140
(treble) | Mackenzie, 1881
2 Moore, Holmes & 1339.5 1103 640 1142
Mackenzie, 1881
3 N. Dobson, 1820 1190.5 903 686 1235
4 John Darbie, 1668 1061.5 701 695 1243
5 John Darbie, 1668 946 501 702 1259
6 William Barker, 16th 892 400 679 1210
cent
7 Brasyer of Norwich, 793 195 689 1243
15/16th cent
8 Dobson, 1828 708 0 689 1241
(tenor)
Table 3-3 Partials of the peal of 8 at Southwold
(Cents for the nominals are given relative to the nominal of bell number 8. Cents for

the other partials are given relative to the nominal of that bell.)

Exact tuning of the nominals to equal temperament would give nominal cents of

1200, 1100, 900, 700, 500, 400, 200 and 0, so no bell's nominal is more than a few cents

out and there are no nominal discrepancies that would lead to the degree of mistuning I

hear in these bells. However, there is a very marked difference in the frequencies of the

superquint and octave nominal between the smallest two and the largest six bells; the

octave nominals in particular are typically 100 cents or a semitone flatter in the smallest

two bells.

Another example of this effect is given by the peal of ten bells at St Mary Magdalen,

Oxford. These bells are all by the same founder. Their partial frequencies are given in

Table 3-4.
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Bell Founder, date | Nominal(Hz) | Nominal (cents) | Superqguint (cents) | Oct. Nom. (cents)
1 (treble) | Taylor 2001 2224 1607.1 667.6 1194

2 Taylor 2001 1978 1404.1 685.2 1218.9
3 Taylor 2000 1749 1191.1 689.4 1232.8
4 Taylor 2000 1648.5 1088.7 686.7 1226.3
5 Taylor 1990 1477.5 899.1 700.6 1255.3
6 Taylor 1990 1320.5 704.6 701.3 1256.4
7 Taylor 1990 1172.5 498.8 714.9 1281.8
8 Taylor 1990 1108.5 401.6 712.6 1279
9 Taylor 1990 989 204.1 702.5 1265.3
10 (tenor) | Taylor 1988 879 0 701.3 1268.5

Table 3-4 Partials of the peal of 10 at St Mary Magdalen, Oxford

In a similar fashion to the Southwold bells, the upper partials in the smaller bells in
this peal have flatter partials than the larger bells. The treble bell has an octave nominal
74.5 cents or ¥ of a semitone flatter than that of the heaviest bell. The smaller bells of this
peal sound distinctly flat compared with the heavier bells even though their nominals are
well tuned. I first noticed the apparent flatness in the sound of the small bells at St Mary
Magdalen on walking past in the street while they were ringing. Experiments by the author
similar to those performed on the Southwold bells suggest that the first bell should be
sharpened by 25 cents and the second by 20 cents to sound ‘in tune’.

A third interesting example of this effect was provided by Carl Scott Zimmerman, a
researcher into the history of American carillons, who provided the following anecdote
(Zimmerman 2007): ‘I first heard of stretch tuning in 1967 in a very different context,
when Frederick C. Mayer spoke informally to the GCNA Congress at Princeton University
... For much of his working life he was also a highly respected organ designer and
consultant, and this led to him becoming a carillon consultant as well. [He] spoke with
enthusiasm and vigor about his involvement in the development of some of the great
English-made carillons of the 1920s and 1930s, and especially about the importance of
stretch tuning in the trebles of larger instruments (four octaves or more). I recall very
distinctly Mayer’s stress on the fact that the perfectly tuned trebles of the very first large
modern carillons sounded flat to the ear, making stretch tuning necessary to produce a

good musical effect.’
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Examination of Southwold, Oxford and other peals of bells led me to the hypothesis
that partials other than the nominal can have a significant effect on strike pitch and
therefore whether a set of bells sounds in tune together. The pitch shift results described by
Greenhough (1976) and Eggen & Houtsma (1986) lend weight to this hypothesis. The
main purpose of the virtual pitch experiments described in this thesis is to investigate and
fully quantify the effect in a way amenable to practical application.

3.5.1 Effect on upper partials of thickness and relative weight of bells

This flatness in the upper partials is caused by bells being cast thick and heavy for
their note, as explained by Nigel Taylor, head tuner at Whitechapel Bellfoundry, who says
in an email (Taylor 2004) ‘I have established that flat upper partials are caused by scale of
thickness and lip to soundbow profile’. Casting bells heavy for their note is a common
practice in small bells to improve their mechanical dynamics relative to the bigger bells, or

in the case of carillon bells, to increase the volume of sound.

T

Figure 3-16 Diagram (after Lehr) showing bells with different thickness

André Lehr confirms this in an experiment described in (Lehr 1986) in which he cast
three bells with the same overall shape but different wall thicknesses as shown in Figure 3-
16 taken from his paper. The three bells are designated D10 (thin), D15 (medium) and D20
(thick).

The bells were not tuned. The frequencies for the nominal, superquint and octave

nominal of each bell, represented as cents from the nominal, appear in Figure 3-17 below.
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The difference in cents between the sharpest and flattest octave nominals in these bells is

80 cents.
Bells from Lehr 1986
1400
1200 A
g 1000
£ _
—e—Thin (D10
S 800 / in (B10)
€ / —=— Medium (D15)
S 600 .
= / Thick (D20)
£ 400 /
[
© 200
0 v ‘ ‘
Nominal Superquint Octave
Nominal

Figure 3-17 Upper partials of bells of different thickness in Lehr 1986

3.6 Effect of bell shape and weight on upper partial tuning
In this section, the effects described by Nigel Taylor and André Lehr are investigated
in bells from the author’s database of tuning information. The investigation has two parts:
e The relationships between the main parameters (weight, diameter and
nominal frequency) are established
e Deviations from the typical relationship are analysed for correlation against
octave nominal tuning.
As will be seen from the work in chapter 5, the tuning of the octave nominal relative
to the nominal acts as a good proxy for all the upper partials.
3.6.1 Weights, diameters and partial frequencies of 553 bells
The weights, diameters, nominal and octave nominal frequencies of all bells with this
information available were extracted from the author's database of bell recordings. Full
information was available for 531 bronze and 22 steel bells. Weights ranged from 30kg to
65 tonnes, nominal frequencies from 204Hz to 2,611Hz, and diameters from 34cm to 3.7m.
Height information, which might also have proved to be significant, is not normally

recorded for bells and so was not available for analysis.
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In principle, the dependence of weight on the diameter should be a simple one. If all
dimensions of a bell were to be scaled linearly, the weight should go as the cube of the
diameter. For the nominal frequency, the standing wave pattern of the mode of vibration
around the rim of the bell (with equally spaced, fixed nodes) suggests that if stiffness and
mass were constant, frequency would vary inversely with circumference and therefore with
diameter. Both of these relationships are explored in outline in (Lehr 1986).

Partial frequencies of bells can be measured with confidence from recordings.
Diameters of bells can generally be measured accurately with a tape, unless the bell has
been "skirted", i.e. has had its mouth trimmed (traditionally with a hammer and cold
chisel) to raise its pitch. Weight information can be unreliable; weights are often estimated
(and exaggerated!), bells with canons weigh more than equivalent bells without, and it is
not practical to weigh bells to get confirmation of a reported figure. Therefore, weight will
always be treated as the dependent variable in the analysis below.

The hypothetical relationships suggested above between weight, nominal frequency
and diameter suggest that log plots should be used for investigation. Figures 3-18, 3-19 and
3-20 are scatter plots of log.(weight) against log.(nominal frequency), log.(diameter)
against log.(nominal frequency), and log.(weight) against log.(diameter). Bronze and steel
bells are plotted separately but as can be seen there is, quite remarkably, no significant
distinction between bells made from the two materials and they will be handled together in

the remainder of the analysis.
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Weight vs nominal for 553 bells
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Figure 3-18 Weight and nominal frequency of 553 bells
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Figure 3-19 Diameter and nominal frequency of 553 bells
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Figure 3-20 Weight and diameter of 553 bells
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In all three cases, a broadly linear relationship is seen on the log plots. Figures 3-18
and 3-19 show that for bells with high nominal frequencies (i.e. small bells), both weight
and diameter are higher in proportion than for large bells. This is normal bellfounding
practice; small bells are cast proportionally heavier than large bells so that, for bells rung
full circle, their rotational dynamics better match the larger bells. For chiming and carillon
bells, small bells are cast proportionally heavier and larger to increase the loudness of their
sound output. Figure 3-20 shows a close linear relationship on the log plot, though again
there is a slight departure for smaller bells, in which the weight is slightly greater than a
linear relationship would suggest.

Figures 3-18 and 3-19 both have two branches for small bells with higher nominal
frequencies. Bells lying on the two branches were investigated. Those on the upper branch
are the trebles of higher-numbered change ringing peals (twelves and sixteens) which are
deliberately cast much heavier for mechanical reasons. Those on the lower branch were the
trebles of lower-numbered change ringing peals (sixes and eights) and chiming bells.

In Figure 3-19, the four low outliers are, from top left to bottom right:

e The Uspensky bell in the Kremlin, Moscow

e The Hosannah bell from Freiburg, Germany

e A bell whose figures are given in (Lehr 1986) described as ‘vd Ghein 1615’
e The smaller of the two bells at Blackheath in Kent.

In Figure 3-20, the two high outliers are the Lehr and Uspensky bells. Figures for
the Uspensky bell (65 tonnes in weight, 3.7m in diameter) are approximate. The Freiburg
bell is an unusual shape and is discussed in some detail in section 4.2.4.

In order to quantify the relationship between the observed variables, and to establish
the effect of the octave nominal tuning, three linear regressions were done on the three sets
of variables. Because of the deviation from a linear relationship for small bells, the
regression only included bells for which the relationship on Figures 3-18 and 3-19

appeared linear, i.e. bells for which log.(nominal frequency) was less than 6.8.
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In the analysis below, w; is the weight of a bell in kg, d, is the diameter in metres,

and f, , and f, . are the nominal and octave nominal frequencies in Hz. The ¢ values are

error terms, and the £ values are regression coefficients. The three models to be fitted

(corresponding to Figures 3-18, 3-19 and 3-20) are:

log, (w,)= B, + B, log,(f,, )+ &, (3-2)
log, (di): B, + B log, (fn,i)+52,i (3-3)
loge(wi): B+ B loge(di)"'g},i (3-4)

Once the least squares fit has established values for the £'s, then the dependent

variables in each case can be adjusted for the primary independent variable by calculating

the following residual values for each bell:

log, (w,)— 3, — p3, log, ( fn,i) (the nominal-adjusted weight from Equation 3-2)
log, (d ; )— B, — B log, ( fn’l.) (the nominal-adjusted diameter from Equation 3-3)

log, (wl. )— B, — B log, (d i) (the diameter-adjusted weight from Equation 3-4).

Chapter 5 shows that a good measure of the octave nominal tuning is the cents of this

partial relative to the nominal. Following Equation 3-1, the octave nominal cents are

calculated as 1731.234 x loge(fﬂ%

j . Plots of the above residuals against the octave

nominal cents should show whether departures from typical values of weight and diameter
are correlated with octave nominal tuning.

Results of the regressions with 95% confidence intervals are shown in Table 3-5:

Weight vs nominal Diameter vs nominal Weight vs diameter
Intercept Po=128.53 £0.67 B,=695+0.18 B,=629+0.03
Primary effect £;=-3.33+0.10 B;=-1.04+0.03 B;=3.19+0.06

Table 3-5 Regression coefficients: weights, diameters and nominals

The value of f; is very close to -1, so that diameter and nominal frequency vary as

the inverse of one another, as suggested above. From Equation 3-2, d, o« fnjil'o“. The value
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of f, is close to 3, so that weight does vary roughly as the cube of diameter. From
Equation 3-3, w, oc d;".

Figures 3-21, 3-22 and 3-23 show the relationship between the adjusted weights and
diameters and octave nominal tuning. Three significant outliers have been omitted from
these plots so that the trend for the main mass of bells is easier to see. These outliers are:

e The Freiburg bell
e The vd Ghein bell from Lehr 1986

e Bell no. 2 from Little Somerford in Wiltshire. This bell is the thinnest known

to the author in the UK its estimated weight may be in error.

Nominal-adjusted weight vs octave nominal
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Figure 3-21 Relative weight and octave nominal

Nominal-adjusted diameter vs octave nominal
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Figure 3-22 Relative diameter and octave nominal
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Diameter-adjusted weight vs octave nominal
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Figure 3-23 Relative weight and octave nominal

It will be seen in each case that there is a correlation between the adjusted diameters

and weights and the octave nominal tuning. The correlation coefficients for the three

scatter plots are as follows:

nominal-adjusted weight to octave nominal -0.59
nominal-adjusted diameter to octave nominal -0.61
diameter-adjusted weight to octave nominal -0.38

Based on these results, one can say with reasonable confidence that increasing the

relative weight of a bell while keeping the nominal at the same frequency (by thickening

the bell and increasing its diameter) causes the octave nominal to flatten.

3.6.2 Weights and partial frequencies of 1,757 bells

The 553 bells investigated in the previous section were those for which diameters

were available in the author's database. A total of 1,757 bells in the database (including the

553 already analysed) had information on weight. These bells comprised 1,732 bronze and

25 steel bells. A repeat of Figure 3-18 for this greater number of bells appears as Figure 3-

24:
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Weight and nominal frequency for 1759 bronze and steel bells
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Figure 3-24 Weights and nominal frequencies of 1,759 bells

A repeat of Figure 3-21 for these bells, with yet again the regression done for bells

with log.(nominal) below 6.8, appears as Figure 3-25.

Nominal-adjusted weight against octave nominal for 1759 bells
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Figure 3-25 Relative weight and octave nominal for 1,759 bells

Clearly the relationship between relative weight and octave nominal tuning stands
good for this greater number of bells.

It is sometimes said that bells which are not true-harmonic (i.e. which have non-
octave hums and primes) are cast to a thicker scale than true harmonic bells. Figure 3-26
below shows the nominal-adjusted weight for the 1,759 bells plotted against hum tuning

(represented as the cents of the hum relative to the nominal).
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Nominal-adjusted weight against hum for 1759 bells
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Figure 3-26 Relative weight and hum tuning for 1,759 bells

The grouping of true-harmonic bells with hums at roughly -2400 cents from the
nominal can be clearly seen. The scatter plot shows no obvious relationship between
adjusted weights and hum tuning. This is confirmed by the correlation coefficient of -0.115

between the two quantities, indicating no significant correlation.

The analysis of these two batches of bells confirms that flattened upper partials are
indicated by the relative weight and thickness of bells, in confirmation of the statement

made by Nigel Taylor and the experiment of André Lehr.
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4 INVESTIGATION INTO THE PITCHES OF BELLS

4.1 Introduction

This chapter describes two experiments, conducted as part of this research, into the
pitch or pitches perceived in bells. The first experiment investigates the phenomenon in
large bells known as 'secondary strike' whereby some listeners perceive the bell to have a
second strike pitch, often a musical fourth above the nominal pitch. The second and more
significant experiment extends the technique developed for the first experiment to
investigate what determines the pitches of bells across a range of frequencies.

Though the explanation of secondary strike explored and proved in the first
experiment is already described in the literature, the experiment is more detailed than those
conducted by previous researchers and provides an elegant confirmation that the pitches
observed in bells are a virtual pitch effect.

The second experiment has not been conducted before and provides important new
information on the pitch perception mechanisms in bells at different frequencies. The
results of the second experiment confirm the existence of a dominant frequency region for
virtual pitch effects.

Both experiment designs are based on the technique of ‘post vocalisation’ described
and justified in (Terhardt and Seewann 1984), and further described in chapter 6 of this
thesis. (Terhardt and Seewann 1984) report ambiguity over the octaves of pitches, and this
is confirmed by the author’s experience, including that of conducting these experiments.
Therefore, in both experiments described in this chapter, octave information is ignored by
folding all pitches into a single octave. In addition, the need to circumvent octave
ambiguity determined the choice of bell for use in the second experiment described in
section 4.3 onwards.

4.2 Secondary strike in bells
As described in the previous chapter, bells typically have two sets of partials forming

an approximate harmonic series, one based on the nominal and also including the
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superquint and octave nominal, and another based on partial I-7 and also including partials
[-9 and I-11. In bells of a middle range of pitches and weight, the lower frequency series
based on the nominal predominates, because these partials fall into the dominant range for
pitch perception. In large, low pitched bells, the higher frequency series based on I-7 falls
into the dominant region. The objective of the first experiment is to identify the pitch or
pitches experienced in large bells by a number of test subjects, and prove or disprove the
theory that bell pitches arise from virtual pitch effects from these sets of partials in the bell
sound.

4.2.1 Secondary strike experiment design

25 bell recordings were selected from the author’s collection. These bells were those
with the lowest nominal frequencies, rejecting any recordings of very poor quality. The
recordings were normalised to all have the same peak amplitude to eliminate any effects
due to variation in loudness. The recordings were all monophonic.

The recordings were presented to the test subjects in random order. The random
order, different for each test subject, was created using the Fisher-Kerr random shuftle
documented and validated in section 7.2, but sorting 25 items rather than the 16 used for
the main virtual pitch tests.

The tests were run from a Toshiba Satellite Pro 4600 laptop. The test sounds were
played through the speakers built into the laptop. The same laptop was also configured to
simultaneously record via an AKG C1000S condenser microphone linked to the laptop via
an M-Audio MobilePre USB pre-amp. Recordings were made using CoolEdit sound
editing software. The microphone was positioned so that it would simultaneously record
both the test subject and the output of the laptop speakers. The whole test session with each
subject was recorded.

Test subjects were selected who were confident and tuneful singers. No test subject
other than the author had any serious knowledge of bell acoustics, nor of the hypothesis

that a bell might be perceived to have more than one pitch. Test subjects did not hear one
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another taking the tests. The subject was asked to listen to each bell recording, and then
sing the note that they heard. Subjects were able to ask for each recording to be played
again if they didn’t identify the pitch on first hearing, though most subjects immediately
identified a pitch on first hearing a recording. The recordings were played in the random
sequence as previously described. The test subjects were encouraged to wait until the
recording had played before singing the pitch heard (to avoid confusion in the subsequent
analysis) though it was apparent that often the subject was singing or humming a note sotfo
voce to home in on a pitch while the recording played.

On occasion, subjects sang one note, changed their mind, and sang another. If this
occurred the second was taken as the test result. On occasion, subjects sang the same note
for consecutive bells. If the subjects themselves remarked on this they were asked to take
the test again (and commonly sang a different note). If the subject did not remark on it the
note sung was taken as a valid test result.

Subjects tended to sing the bell pitch in an octave they found comfortable — some
subjects asked if it mattered which octave they sang in and were told that it didn’t, as it had
already been decided to fold results into a single octave to avoid ambiguity. Subjects were
allowed to pass on a test if they could not identify a pitch in the recording. No prompts
were offered by the test administrator as to the result of each test. The whole set of tests for
25 recordings took 7 to 12 minutes for each subject to complete.

The tests were undertaken by 11 subjects, one of whom was the author. No test
results were rejected. The author conducted two self-administered test runs. Because the
author was aware that the bells would typically display two pitches, in one test run he sang
the upper pitch heard, and in the other, the lower. One other test subject also said that he
could hear two pitches, and was allowed to sing both in the tests. In both these cases, the
two sets of results were taken as two test runs, i.e. there were 13 test runs in total.

The recording of each test session was then analysed to identify the pitches sung

(which in every case were taken as the lowest frequency or fundamental in the sung notes).

Chap. 4 - INVESTIGATION INTO THE PITCHES OF BELLS 65



The recordings of bell sounds picked up in the test sessions were also checked to ensure
the test results did not get out of sequence.
4.2.2 Analysis of secondary strike results

Therefore, for initial analysis the test results, and the partial frequencies of the bells
used, were folded into a single octave by dividing or multiplying frequencies by powers of
2, so as to bring frequencies for each bell into a range from 1.5 semitones below the
nominal to 10.5 semitones above. The pitches observed for each bell, together with the
frequencies of its nominal and I-7 partials, were scatter-plotted as shown in Figure 4-1

below.
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Manchester - Great Abel
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Figure 4-1 Results of secondary strike test
It is clear from these scatter plots that, for almost all bells, the pitches observed fall

into two clusters located near the frequencies of the nominal and I-7 partials. Those bells

for which not all pitches sung fell into these two clusters were often of poorer quality. No

pitches sung were excluded from the analysis.
The bell ‘Hosanna’ from Freiburg, Germany had only one pitch sung at or near its

nominal frequency. This bell has a very unusual partial structure and results for this bell
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are examined in more detail later in this chapter, where it is shown that its pitch results
from an unusual mechanism. Results for this bell were excluded from the statistical
analysis below.

Excluding the Freiburg bell, 89% of the 304 pitches observed were within 1.5
semitones of the nominal or I-7 frequencies, with 35% around the nominal and 54%
around partial I-7. Figure 4-2 shows all the observed pitches plotted as cents relative to the
nominal, folded into a single octave and divided into semitone bands (e.g. all the results
with a frequency within +- 50 cents of the nominal appear in the band labelled ‘0’ in the
figure). The clustering of the observed pitches around 0 cents (the nominal) and 500 cents

(partial I-7) is obvious.

All pitches, normalised to single octave

120

100

80

60

Count

40

2: M |_||—||_|H |_|r||—|.—.

-200 -100 0 100 200 300 400 500 600 700 800 900 1000 1100

Cents from nominal

Figure 4-2 All pitches observed in secondary strike experiment

This method of plotting is slightly misleading as the relative frequency of partial I-7,
approximately 500 cents above the nominal, varies from bell to bell. To avoid this
problem, all frequencies within 1.5 semitones of the nominal or partial I-7 were separately
plotted as above, but this time in half-semitone bands as shown in Figures 4-3 and 4-4.

Note that the vertical scale is different in the two figures:
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Pitches near nominal

Count
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Figure 4-3 Pitches observed near nominal

Pltches near I-7

Count

-200 -150 -100 -50 0 50 100 150 200

Cents from I-7

Figure 4-4 Pitches observed near partial I-7

To further investigate the results, normal probability plots were constructed for all
the pitches near the nominal, and all near partial [-7. Figures 4-5 and 4-6 show the
distributions of the variances from nominal and I-7 frequency respectively against the

normal probability ranking for that variance:

Normal distribution - pitches near nominal

Deviation (cents)

Normal ordinate

Figure 4-5 Normality check for sung pitches near nominal
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Normal distribution - pitches near I-7

Deviation (cents)
=~

200

[aviv)

Normal ordinate

Figure 4-6 Normality check for sung pitches near partial 1-7

These plots are broadly linear for variances of up to 100 cents in either direction,
with some outliers beyond that. The inference drawn from these plots is that, for pitches
sung within one semitone either side of the nominal and I-7 partial frequencies, deviations
from a normal distribution are not significant and it is a justified assumption that the
deviations are caused by experimental conditions and errors.

4.2.3 Origin of the pitches observed

Table 3-2 in section 3.4 in the previous chapter suggests that only the nominal and
partial I-7 form the basis of a harmonic series among the partials of a bell. To confirm
these two partials as the origin of the pitches observed in this experiment, analysis was
carried out as follows. Average values for the two observed pitches for each bell were
calculated by separately taking the average of all pitches within 1.5 semitones of the
nominal and of the I-7 partial, in line with figures 4-3 and 4-4. As before, to avoid octave
ambiguity, all observed pitches were folded into one octave.

Table 4-1 below shows the measured partial frequencies and observed pitches for all
25 bells used in this experiment. Note that, in line with section 1.3, some rows in the table
have frequencies measured to less precision than others. The column headed ‘avg. low
pitch’ is the average for each bell of the pitches clustered around the nominal. The column
headed ‘avg. high pitch’ is the corresponding figure for the pitches clustered around partial

I-7.
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Bell Nom. | Sup. - | Oct. -7 1-8 1-9 I-11 avg. avg.
Quint | Nom. low high
pitch | pitch

Cologne - Petersglocke 252.3 3753 510.4 658.0 808.8 966.6 | 1300.3 | 253.4 328.0
Salzburg - Pummerin 263.8 | 393.1 | 537.4 | 6944 | 862.6 | 1038.7 | 1389.2 | 265.8 | 345.8
Liverpool - Great George 277.0 | 4157 | 5744 | 749.0 | 937.0 | 11335 281.1 371.9
Philadelphia - Wannamaker Bell | 288.5 431 595 | 7755 | 969.5 1173 1601 | 284.8 | 386.1
York - Great Peter 305.8 456.6 628.7 817.5 | 1019.0 | 1231.0 | 1671.0 | 301.9 405.6
Nottingham - Little John 308 461.5 639 834 | 1044.5 1266 1732 | 311.1 411.5
Neustadt - Kaiser Ruprecht 309.6 465.3 641.7 841.4 | 1064.4 | 12934 313.6 4224
Salzburg - Salvator Mundi 316.2 468.4 637.4 822.4 | 1012.0 | 1210.8 | 1602.2 | 314.3 408.0
London - Great Paul 3172 | 4678 | 6362 | 821.8 | 1017.6 | 12152 | 1633.8 | 305.3 | 408.6
St Gallen 322.5 488 670.5 874 1091 1314 1775 | 329.6 437.7
Rome - St Peter 326.9 497.4 693.0 901.8 | 1125.1 | 1360.4 | 1838.6 | 335.3 454.2
Erfurt - Gloriosa 329.8 489.8 675.6 874.8 | 1086.4 | 1313.6 | 1771.6 | 326.5 4359
London - Big Ben 335.1 4943 676.8 882.2 | 1087.0 | 1304.4 | 1746.0 | 327.0 428.1
Berlin - Freedom Bell 3352 | 506.6 | 699.9 | 917.8 | 1149.5 | 1387.9 | 1897.4 | 338.6 | 456.0
Sens - Potentienne 338.5 508.2 711.5 923.0 [ 1155.0 | 1389.0 | 1867.5 | 345.1 458.1
Buckfast - Hosanna 346.0 | 5232 | 7252 | 9474 | 1187.9 | 1436.5 | 1971.5 | 358.3 | 474.9
Linz - Immaculata 348.2 577.0 713.4 919.5 | 1138.0 | 1360.5 | 1799.0 | 345.5 465.5
Freiburg - Hosanna 365.8 615.8 912.0 | 1234.5 | 1582.5 | 1974.5 | 2755.0 | 377.0 307.3
Manchester - Great Abel 378.5 562.1 770.3 996.6 | 1236.1 | 1485.5 | 2005.8 | 380.5 498.0
Cologne - Pretiosa 389.7 581.4 797.4 | 1030.4 | 1275.7 | 1532.3 | 2051.0 | 388.2 508.3
Innsbruck - Mariahilf 389.0 | 5802 | 787.5 | 1018.5 | 1256.5 | 1510.5 | 1992.0 | 391.5 | 496.0
Halberstadt - Domina 394.0 585.2 803.2 | 1036.0 | 1279.0 | 1527.0 | 2015.5 | 392.1 514.1
Beverley - Great John 395 586 802.5 1039 | 1291.5 1555 | 2100.5 | 387.4 518.3
Vienna - Stephanus 405.4 605.4 836.0 | 1088.6 | 1365.9 | 1640.6 | 2220.6 | 404.8 542.9
Downside Abbey - Great Bede 409.4 608.6 835.6 | 1085.4 | 1352.8 | 1631.6 | 2214.0 | 408.2 549.5

Table 4-1 Measured frequencies and observed pitches for 25 heavy bells

The next table (Table 4-2) shows the ratio of all the measured partial frequencies to

the average observed low pitch:
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Bell Nom. | Sup. - Quint | Oct. Nom. | I-7 | I-8 |19 | I-11
Cologne - Petersglocke 1.00 1.48 2.01 2.60 | 3.19 |1 3.82 | 5.13
Salzburg - Pummerin 099 | 148 2.02 2.61 13241391523
Liverpool - Great George 0.99 1.48 2.04 2.66 | 3.33 | 4.03

Philadelphia - Wannamaker Bell | 1.01 1.51 2.09 2721340 [ 4.12 | 5.62
York - Great Peter 1.01 1.51 2.08 2.71 |1 3.38 | 4.08 | 5.54
Nottingham - Little John 099 | 1.48 2.05 2.68 | 3.36 | 4.07 | 5.57
Neustadt - Kaiser Ruprecht 0.99 1.48 2.05 2.68 | 3.39 | 4.12

Salzburg - Salvator Mundi 1.01 1.49 2.03 2.62|322(385]|5.10
London - Great Paul 1.04 | 1.53 2.08 2.69 | 3.33 [ 3.98 | 5.35
St Gallen 0.98 1.48 2.03 2.65 | 3.31 (399 |5.39
Rome - St Peter 097 | 148 2.07 2.69 | 3.36 | 4.06 | 548
Erfurt - Gloriosa 1.01 1.50 2.07 2.68 1333 14.02|543
London - Big Ben 1.02 1.51 2.07 2.70 | 3.32 [ 3.99 | 5.34
Berlin - Freedom Bell 0.99 | 1.50 2.07 2.71 | 340 [ 4.10 | 5.60
Sens - Potentienne 0.98 1.47 2.06 2.67 | 3.35 ] 4.03 | 541
Buckfast - Hosanna 0.97 1.46 2.02 2.64 | 3.32 [ 4.01 | 5.50
Linz - Immaculata 1.01 1.67 2.06 2.66 | 3.29 | 3.94 | 5.21
Freiburg - Hosanna 097 | 1.63 2.42 327 (420|524 731
Manchester - Great Abel 0.99 1.48 2.02 2.62 | 3.25 [ 3.90 | 5.27
Cologne - Pretiosa 1.00 1.50 2.05 2.65 (329395528
Innsbruck - Mariahilf 099 | 148 2.01 2.60 | 3.21 [ 3.86 | 5.09
Halberstadt - Domina 1.00 1.49 2.05 2.64 |13.26 | 3.89|5.14
Beverley - Great John 1.02 1.51 2.07 2.68 | 3.33 [ 4.01 | 542
Vienna - Stephanus 1.00 1.50 2.07 2.69 | 3.37 | 4.05| 549
Downside Abbey - Great Bede 1.00 | 1.49 2.05 2.66 | 3.31 [ 4.00 | 5.42

Table 4-2 Ratio of partial frequencies to lower observed pitch in 25 heavy bells

It is to be noted that in every case the nominal, superquint and octave nominal

partials have ratios very close to 1 : 1.5 : 2 with the low pitch (apart from the Freiburg bell

which is dealt with as a special case below). The other high partials do not show integer
ratios in this way. The assumption that the lower pitch observed in these bells is a virtual

pitch derived from nominal, superquint and octave nominal is supported by this data for

every bell except the Freiburg bell.

Table 4-3 below shows the ratio of the measured partial frequencies to the higher

average observed pitch:
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Bell Nominal Super- Octave 1-7 1-8 1-9 1-11
quint Nominal

Cologne - Petersglocke 0.77 1.14 1.56 2.01 2.47 2.95 3.96
Salzburg - Pummerin 0.76 1.14 1.55 2.01 2.49 3.00 4.02
Liverpool - Great George 0.74 1.12 1.54 2.01 2.52 3.05
Phillladelphia - Wannamaker 0.75 1.12 1.54 2.01 2.51 3.04 4.15
Be

York - Great Peter 0.75 1.13 1.55 2.02 2.51 3.03 4.12
Nottingham - Little John 0.75 1.12 1.55 2.03 2.54 3.08 4.21
Neustadt - Kaiser Ruprecht 0.73 1.10 1.52 1.99 2.52 3.06

Salzburg - Salvator Mundi 0.77 1.15 1.56 2.02 2.48 2.97 3.93
London - Great Paul 0.78 1.14 1.56 2.01 2.49 2.97 4.00
St Gallen 0.74 1.11 1.53 2.00 2.49 3.00 4.06
Rome - St Peter 0.72 1.10 1.53 1.99 2.48 3.00 4.05
Erfurt - Gloriosa 0.76 1.12 1.55 2.01 2.49 3.01 4.06
London - Big Ben 0.78 1.15 1.58 2.06 2.54 3.05 4.08
Berlin - Freedom Bell 0.74 1.11 1.53 2.01 2.52 3.04 4.16
Sens - Potentienne 0.74 1.11 1.55 2.01 2.52 3.03 4.08
Buckfast - Hosanna 0.73 1.10 1.53 2.00 2.50 3.03 4.15
Linz - Immaculata 0.75 1.24 1.53 1.98 2.44 2.92 3.86
Freiburg - Hosanna 1.19 2.00 2.97 4.02 5.15 6.43 8.96
Manchester - Great Abel 0.76 1.13 1.55 2.00 2.48 2.98 4.03
Cologne - Pretiosa 0.77 1.14 1.57 2.03 2.51 3.01 4.04
Innsbruck - Mariahilf 0.78 1.17 1.59 2.05 2.53 3.05 4.02
Halberstadt - Domina 0.77 1.14 1.56 2.02 2.49 2.97 3.92
Beverley - Great John 0.76 1.13 1.55 2.00 2.49 3.00 4.05
Vienna - Stephanus 0.75 1.12 1.54 2.01 2.52 3.02 4.09
Downside Abbey - Great Bede | (0.75 1.11 1.52 1.98 2.46 2.97 4.03

Table 4-3 Ratio of partial frequencies to higher observed pitch in 25 heavy bells

For every bell except the Freiburg bell, the frequencies of partials I-7, I-9 and I-11

are very close to the ratios 2 : 3 : 4 with the higher observed pitch. No other partials show

integer ratios. The assumption that the higher observed pitch is a virtual pitch based on

partials I-7, I-9 and I-11 is supported by this data for every bell except for the Freiburg

bell.

In the Freiburg bell, the superquint, octave nominal and I-7 partials are in the ratio 2 :

3 : 4 and are the likely generators of a virtual pitch. This is most unusual as explained

below.
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4.2.4 The bell ‘Hosanna’ from Freiburg in Germany

This bell, cast in 1258 and weighing 3,290kg, provides an extreme and convincing

example of the virtual pitch explanation for the strike pitch. The bell has an archaic design,

as will be seen from Figure 4-7: it is shaped like a large flowerpot with a heavy rim. The

technical term for this shape is long-waisted.

Figure 4-7 Bell ‘Hosanna’ (Freiburg) dated 1258

The note of this bell is quoted as Eb, and the listening tests by test subjects
documented above give an average perceived pitch of 307.3 Hz (which is 21 cents flat of
Eb in concert pitch). This pitch is unusually high for a bell of this weight. The main
partials of the bell do not follow the typical arrangement due to the archaic shape of the
bell.

Despite the atypical arrangement of partials, the bell by general opinion has a sweet

tone (presumably why it has survived in use for so long). The partials of the bell are shown

in Table 4-4:
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Frequency (Hz) | Partial Note +- cents
135.4 Hum Db -40
267.4 Prime C+37
346.4 Tierce F-14
365.8 Nominal F#-19
615.8 Superquint Eb -18
912.0 Octave Nominal | Bb -38
1231.6 1-7 Eb -18
1582.4 I-8 G +15
1961.8 1-9 B-12
2356.0 1-10 D +4
2758.0 I-11 F -22
3166.0 I-12 G +l16
3579.2 I-12 A +28

Table 4-4 Partials of Freiburg bell

There is nothing significant in the sound at 307 Hz. But also, quite importantly, the
half nominal, which in a normal bell would be the strike pitch, is an F# which is not near
the pitch actually observed.

The actual pitch generation mechanism becomes immediately clear if the ratios of

the partial frequencies are calculated as shown in Table 4-5:

Freq Ratios

1354 1.00

2674 1.97 1.00

346.4 2.56 1.30 1.00

365.8 2.70 1.37 1.06 1.00

615.8 4.55 2.30 1.78 1.68 1.00
912.0 6.74 3.41 2.63 2.49 1.48
1231.6 9.10 4.61 3.56 3.37 2.00
15824 11.69 5.92 4.57 433 2.57
1961.8 14.49 7.34 5.66 5.36 3.19
2356.0 17.40 8.81 6.80 6.44 3.83
2758.0 20.37 10.31 7.96 7.54 4.48
3166.0 23.38 11.84 9.14 8.66 5.14
3579.2 26.43 13.39 10.33 9.78 5.81

Table 4-5 Harmonic series in partials of Freiburg bell

The lowest harmonic series involves the sequence of partials starting at 615.8 Hz,
highlighted in grey in the table above. The first three partials of this series with ratios close
to 1: 1.5:2 are harmonic and give rise to a virtual pitch of 615.8 / 2 =307.9 Hz which
corresponds with the 307.3 Hz measured in the experiment. Therefore, the pitch of this bell
is determined by its superquint. The author has not so far found any other bell with this

characteristic, which is successfully predicted by the virtual pitch theory.
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4.2.5 Conclusions from secondary strike experiment

This experiment gives confirmation that virtual pitch theory provides a very good
explanation for the pitches heard by listeners in large bells. The pitches heard by the vast
majority of test subjects (89% of all pitches experienced, in bells of all ages and designs
including the Freiburg bell) are correctly predicted by the virtual pitch theory.

4.3 Variation of pitch perception mechanisms with frequency

The success of the previous experiment on low-pitched bells suggested that an
experiment looking at pitch perception across a broad range of frequencies would be
illuminating. Such an experiment was devised and conducted. The objective of the
experiment was to determine, for a range of test subjects, which partials determine
perceived pitch at different frequencies. The hypothesis was that, due to Fletcher-Munson
effects or the dominance region for virtual pitch perception (as explained in section 3.4.1
of this thesis), different partials will dominate pitch perception at different frequencies.
4.3.1 Design and setup of experiment

It was decided that the test sound to be used at the various frequencies should be
derived from a single bell sound, digitally transposed to multiple frequencies, to allow
comparison of results. Transposition by re-sampling and interpolation preserves both the
relative frequency and relative amplitude of all the partials.

It is not possible to use a true-harmonic bell for this experiment, as due to the octave
ambiguity documented above it would be impossible to distinguish between hum, prime
and nominal. On the other hand, for an old-style bell with sharp hum and flat prime, it
should be possible to distinguish pitches derived from the three partials despite octave
ambiguity. In addition, it is desirable that the chosen bell recording should have partial
amplitudes broadly in line with the averages derived in section 3.3 (so that in this sense it
is a ‘typical’ bell).

The author’s collection of bell recordings was searched for a bell with the following

characteristics:
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Hum broadly a tone sharp of two octaves below the nominal

Prime broadly a tone flat of one octave below the nominal

Partial amplitudes similar to the average values
e Recording of good quality.
The bell selected was the old 9™ bell at St Mary-le-Tower, Ipswich, cast by John
Warner in 1866. Some important partials of the bell are shown in Table 4-6. It will be seen

that these partials are nicely spread across the octave, to allow them to be easily

distinguished.

Partial | Frequency | Cents to nominal | Cents (single octave)
Hum 201.9 -2209.3 190.7

Prime 323.7 -1392.1 -192.1

Tierce 424.2 -924.0 276.0

Quint 562.8 -434.6 765.4

Nominal | 723.4 0 0

1-7 1959.3 1724.9 524.9

Table 4-6 Partials of St Mary le Tower 9™

The bell’s spectrum is as shown in Figure 4-8.
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Figure 4-8 Spectrum of Ipswich St Mary-le-Tower 9th

It will be seen by comparison with Figure 3-15 in section 3.3 that the tierce and
nominal are weaker and the prime is stronger than average. All in all, though, the shape of
the spectrum is fairly typical.

As regards the frequencies at which to conduct the test, it was decided to use the

same nominal frequencies as used in the virtual pitch experiments presented later in this
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thesis to allow comparison of results. The frequency range was extended upwards to
explore which partials determine pitch at elevated frequencies. The nominal frequencies

were spaced 1/3 of an octave apart and were as in Table 4-7, giving 12 test sounds in total:

Nominal frequencies (Hz)
315.0

396.9

500.0

630.0

793.7

1000.0

1259.9

1587.4

2000.0

2519.8

3174.8

4000.0

Table 4-7 Nominal frequencies for pitch perception test

The original recording of the selected bell was digitally manipulated to create each
test waveform using the 'Resample Stretch' facility of Adobe Audition 1.5, which stretches
or shrinks the timebase of the sound to shift frequencies and amplitudes in proportion.
4.3.2 Conduct and results of experiment

This experiment was conducted in an identical fashion to the previous experiment,
except of course that the random sequences were for 12 sounds rather than 25. Selection
criteria for the test subjects (confident and tuneful singers) were the same as before; some
but not all subjects participated in both experiments. The tests were conducted and the
results analysed in an identical fashion, using the same equipment as for the first
experiment. Section 4.2.1 above gives details.

A total of 17 subjects carried out the tests, one of whom was the author. Unlike the
previous tests, subjects were not allowed to sing more than one pitch but were forced to
decide (leading one subject to say, for one test sound ‘But there’s so many notes!’). As
before, subjects were allowed to pass on a test if they genuinely could not decide on a
single pitch. Each subject took about 5 or 6 minutes to complete the 12 tests.

The recordings taken for each test were analysed by measuring the fundamental

frequency of the sung note. For each test recording, the measured frequencies and the bell
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partials were folded into a single octave (by division or multiplication by powers of two).
Measured frequencies were assigned to bell partials by finding the nearest partial to the
measured frequency, and making the assignment provided the two were less than 1.5
semitones apart (the same interval as for the previous experiment). 190 out of 204
measured pitches or 93% of measured pitches were assigned to a partial by this method.
Narrowing the interval to 0.75 of a semitone caused this to drop to 169 matches out of 204
measurements (83%), i.e. the width of match is not critical.

A normal probability plot of the deviation of the sung pitches from the nearest partial
(assigned using the above approach, and ignoring those pitches not near one of the chosen

partials) is given below as Figure 4-9:

Normal plot for pitch perception test

2 - ‘.J"
»
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Normal ordinate

2
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Figure 4-9 Normal plot of results from pitch perception test

Based on this plot, there is no reason not to suppose that the residuals are normally
distributed, i.e. the match to the chosen partials plus human error in pitching the notes is an
adequate explanation for the results seen.

Numbers of assignments to partials at each frequency were counted and plotted as in
Figure 4-10 below. Measured frequencies not assigned to a partial do not appear in this

plot.
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Partials determining bell pitch
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Figure 4-10 Partials determining bell pitch at different frequencies

The results can be considered in three frequency bands:

e Below 500Hz, this experiment duplicates the results of the previous one:
most pitches heard are virtual pitches based on either partial I-7 or the
nominal, with I-7 rather more frequent

e In the range 500 to 1600Hz, the majority of pitches are virtual pitches based
on the nominal

e At 2000Hz and above, partials such as the prime, tierce and hum play the
leading role in pitch determination. Pitches based on these partials are
probably spectral pitches, as there is no suitable harmonic series in the bell
partials to support a virtual pitch model.

These results support a dominant region for virtual pitch perception of broadly
500Hz to 1600Hz. If the nominal frequency is lower than this range, virtual pitch effects
due to a higher partial (I-7) predominate. If the nominal frequency is higher than this
range, lower frequency partials determine the pitch. Which partial determines the pitch at
these higher frequencies is probably dependent both on partial amplitude and where the
individual partials lie in the frequency spectrum. From Figure 4-10 it can be see that at

nominals of 2000Hz, 2520Hz and 3175Hz the prime has a slight edge over the hum (the

Chap. 4 - INVESTIGATION INTO THE PITCHES OF BELLS 82



prime is rather louder). At a nominal of 4000Hz, the hum has a slight edge over the prime.

The frequencies of the various partials for these sounds are as follows:

Nominal | Hum | Prime | dominant partial
1587 | 443.0 710.5 | Prime
2000 | 558.0 895.0 | Prime
2520 | 703.5 | 1127.5 | Prime
3175 886.0 | 1420.5 | Prime
4000 | 1116.5 | 1789.5 | Hum
Table 4-8 Dominant partials in high frequency bell sounds

As the pitches formed from these partials are probably spectral pitches, one can
assume that equal loudness or Fletcher-Munson effects favour the hum at higher
frequencies even though the prime is louder because the prime has moved into an area of
lesser sensitivity.

It is notable that in the dominant virtual pitch region, the nominal determines pitch
via a virtual pitch mechanism in preference to higher amplitude partials via a spectral pitch
mechanism. To quote section 2.3 of (Terhardt & Seewann 1984): ‘This perception mode
[virtual pitch] in acoustic communication with language and music is not the exception,
but the rule.’ The test conditions, with the test subjects able to listen to each sound as many
times and for as long as they desired, favour spectral pitch over virtual pitch formation,
further showing the power of the virtual pitch effect.

4.4  Summary of pitch experiments

These two experiments taken together confirm two significant things:

e That virtual pitches provide a robust explanation of pitch perception in bells
at nominal frequencies of 1600Hz and below

e The existence of a dominance region for virtual pitch perception, and its
impact on pitch perception in bells.

The analysis of which partials determine pitch at different frequencies is new work,

proving for bells the inferences in the literature based on work in other domains.
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4.5 The timbre of bells

Timbre is that quality of a sound or complex tone that allows us to distinguish
sounds of the same pitch as being from different instruments or sources. Timbre is
determined primarily by the frequencies, amplitudes and envelopes of the partials in a
complex tone. Unlike pitch, there is not a definition of timbre that aids its measurement. It
is clear from experience that timbre is multi-dimensional. When considering the timbre of
bells, adjectives are used such as sweet, harsh, shrill, tuneful, growling, and even "opening
like a rose", though the meaning of the last term is a little obscure.

In fact, pitch is also a timbral effect; the changes in upper partial spacing researched
in the virtual pitch experiments in this thesis bring about a significant change in the timbre
of the sound. What distinguishes pitch from other timbral effects is the capability we have
of ordering sounds as higher or lower and assigning a measurement of pitch to that
ordering.

It is well established that certain factors in bell design and tuning have a known
effect on timbre. For example, true-harmonic tuning of the lower partials (i.e. that the hum,
prime and nominal form perfect octaves) is usually considered to give an improvement in
sound quality over bells which have the lower partials ‘out of tune’ with themselves (so-
called old style tuning). Quality of metal has a known effect on sound quality; impure
bronze has a deadening effect on a bell’s tone, probably due to rapid decay of some of the
important partials. As the experiments in this thesis prove, the upper partials make a
significant contribution; bells with flatter upper partials sound flat or dull in tone.

The effect on timbre of true-harmonic as compared to old-style tuning of the lower
partials for bells of different nominal frequencies can be explained by reference to the
experiment results given earlier in this chapter, in terms of the dominance region for virtual
pitch.

For bells with low frequency nominals (below 500Hz), the lowest partials, especially

the hum, are so low as to make it hard for the human ear to judge their frequency. Even if
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the lower partials are badly out of tune, the effect on the overall timbre is not great. For
these bells, timbre is mostly determined by the primary and secondary strike, together with
partials above the nominal.

For bells with high frequency nominals (above 1500Hz), there is competition
between the virtual pitch based on the nominal and spectral pitches based on the lower
partials. If the bell is true-harmonic, i.e. hum and prime are in octaves with the nominal,
the virtual and spectral pitches will align, leading to a harmonious sound. If the bell is not
true-harmonic, the various pitches will conflict with each other and the overall effect is
discordant. This effect is especially noticeable in small bells with sharp hums, leading to an
unpleasant and shrill timbre. Although much more investigation is needed, the dominance
region for virtual pitch thus provides a straightforward and convincing explanation for the
phenomena heard in practice.

Beyond these effects there is much still to explore; modern bells from different
founders with various shapes and designs do not sound alike even though the tuning of
their main partials is the same. The research to explain this in terms of partial frequencies,
amplitudes and decays remains to be done. The first step may be to establish a

measurement scale for these timbral affects such as exists for pitch.
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5 PARTIAL CLASSIFICATION SCHEMES AND FREQUENCIES

5.1 Introduction

This chapter documents investigations into the following areas:

e A comparison of the partial classification schemes proposed by Lehr and
Perrin, reconciled with a recording of the actual bell investigated by Perrin

¢ A simple model for the relative frequencies of the upper partials of bells
which is a new discovery, and considerably simplifies the experiments carried
out

e Before and after tuning figures for the Berlin Freedom bell illustrate this
model and the effect of bell tuning on upper partials

e A model of upper partial frequencies previously proposed by Perrin and
Rossing (based on Chladni’s law) which is found not to explain the effects
giving rise to variations in virtual pitch.

This work was originally undertaken just with the aim of simplifying the virtual pitch
tests. As it progressed, substantial new insights emerged not previously reported in the
literature. The reconciliation between Lehr’s and Perrin’s classification schemes based on
analysis of the sound of the actual bell used by Perrin has not been done before. The
investigation into upper partial frequencies and the model developed for their relationship
is new work, and provides a robust explanation of some effects in bell design not
previously understood.

5.2 Partial classification schemes

The high relative amplitude of certain partials is shown in the spectral diagram at the
start of chapter 3 (Figure 3.1), and their contribution to the formation of virtual pitches has
been explained. What has not yet been covered is the naming of the partials, the modes of
vibration involved, and why some partials tend to stand out in the sound of all bells.

The five partials lowest in frequency (the hum, prime, tierce, quint and nominal) are

easy to observe - they can be heard independently by musical listeners after a little practice
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and are easy to beat against tuning forks so their frequency can be measured. The hum is
the lowest frequency partial and lasts the longest in a freely vibrating bell. The prime (also
known as the fundamental, extra or second partial) is co-incident with the strike pitch in a
true-harmonic bell but can be easily heard if it is not an exact octave below the nominal.
The tierce and quint form approximately the third (usually minor) and fifth of a triad with
the strike pitch. The nominal is so called because it determines the note name of the bell
(the strike pitch is about an octave below the nominal in almost all bells). The big step
forward in true-harmonic tuning was the recognition of the bad effect that mistuning of the
low partials relative to the nominal had on the sound quality of a bell, and the subsequent
devising of tuning methods and changes to the bell shape to bring them under control.

The higher frequency partials are not easy to observe. They can be stimulated by
striking the bell away from the rim (often they are referred to as 'crown partials' not
because the crown is especially important in their formation, but because they can be
stimulated without the lower partials by striking a bell near its crown). They are high
pitched and of shorter duration than the hum and other low partials, and even measuring
their frequency with a tuning fork is difficult except in big bells. Some attempts have been
made to tune them but, as shown below, fundamental characteristics of the Western bell
shape limit what can be done. It was only the advent of electronic methods of sound and
spectrum analysis that made investigation of the higher partials practical, even though they
are key to the formation of the strike pitch.

There are three classic studies of bell partials using modern techniques. The first,
(Lehr 1965), was grounded in the practice of bell founding and tuning and studied two
bells, finding 19 partials in one and 32 in the other. Lehr classified the partials according to
the number of nodal meridians (stationary points around the circumference of the bell) and
the behaviour of the partial on the tuning machine (which is tantamount to classifying by

the number of nodal circles between the rim and the crown of the bell).
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In a later paper, Lehr (1986) describes a more comprehensive investigation of a bell
using electronic methods, and identified 42 partials, which he again, in most cases,
classified by number of nodal meridians and circles. He identified a number of partials,
which he calls extensional vibrations, which involve longitudinal stretching of the bell
material in a direction tangential to the surface (rather than flexing or twisting, which are
the common modes of vibration). Lehr makes the point that because the extensional modes
have an antinode at the crown of the bell, they are damped when the bell is bolted to a
support and are not of great acoustical significance.

The third work, reported on in (Perrin, Charnley & DePont 1983) and subsequently
updated in (Perrin, Charnley, Banu & Rossing 1985), (Perrin & Charnley 1987a) and
(Perrin & Charnley 1987b) is certainly the most comprehensive investigation ever done
into the modes of vibration of a bell. Over a period of years they identified 134 modes of
vibration in a bell provided by Taylor's bellfoundry, measuring the frequencies and
identifying nodal meridians and circles using electronic stimulators and sensors attached to
the bell. They identified four different types of vibrational modes:

e Those where the rim deforms from a circle without stretching (identified as
Rim Inextensional Radial or RIR)

e Those where the rim remains circular but moves axially, or with a twisting
motion (identified as Rim Axial or RA)

e Those where the rim is at rest and the body only of the bell flexes (identified
as R=m where m is a quantum number related to the number of nodal circles)

e Various extensional modes (e.g. the one identified as alpha in Table 5-1).

To assist in the analysis, DePont built a computer model of the bell using finite
element analysis which was used to confirm the vibrational characteristics of modes
already investigated and predict the existence of others still to be found. Perrin et al
proposed an alternate classification scheme to that of Lehr, still using numbers of nodal

meridians and circles but including the additional information not available to Lehr on the
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type of vibration. What was not fully considered during the course of the work was the
acoustical significance of the many modes of vibration, i.e. which modes make an
appreciable contribution to the bell's sound.

The bell used by Perrin et al is preserved in the museum at Taylor's bellfoundry in
Loughborough. A photograph appears as figure 5-1 below of the bell, still suspended from

the frame used for the work reported in (Perrin, Charnley & DePont 1983).

1 L
L_:.;.-.'f kil

Figure 5-1 The bell investigated by Perrin and Charnley

A high quality recording of this bell taken by the author provided the information on
acoustical significance of vibrational modes missing from the original work, and allowed
the classification schemes of Lehr and Perrin to be reconciled. This reconciliation makes
three things possible for the first time:

e (Cross-referencing the classification schemes of Lehr and Perrin

e Understanding the details of the vibrational modes studied by Lehr

e Understanding the physical basis for the prominence of certain partials in the
sound of bells.

The analysis of the recording of the 'Perrin' bell, as for all bells studied in this

research, was done using the author's Wavanal software. This software analyses the spectra
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of sound files digitised on a PC and displays the results in such a way as to facilitate
acoustical analysis of bells.

Bell partial frequencies are temperature dependant (they flatten slightly with
increasing temperature). A previous poor quality recording of the 'Perrin' bell gave exact
correspondence with Perrin's results when analysed with Wavanal. The high quality
recording, taken on a warm September afternoon (6th Sept 2006), showed lowered
frequencies compared with the Perrin analysis. A regression fit was done of frequencies
measured with Wavanal against the reported results to determine the temperature shift.

A regression analysis with zero intercept was used. If y, are the values measured by
Perrin, and x, the values measured with Wavanal, then assuming a model y, =m-x, + ¢,

where ¢, is an error value with expectation value 0, then the error sum of squares is
SS = Z(y,. —m-X, )2 and the value of m giving minimum SS is m = iny[/z X}

The calculated correction factor was 1.000422, which is a shift of 0.7309 cents. The
temperature coefficient of bell partials is reported as 1.5 x 10 per deg. C. (for example see
Terhardt & Seewann 1984 section 2.1), so this shift implies a temperature difference of 2.8
deg. C between Taylor's museum and the environment in which the Perrin analysis was
done, which I am told was temperature controlled. The figures reported below are after the
correction has been applied.

As explained in section 3.2.5 on doublets, modes of vibration of a bell split into pairs
because of asymmetry in the bell. Perrin et al investigated both halves of each pair and
reported their frequency results as the frequency of the upper, and the difference between
upper and lower. In the recording, either or both halves of the doublet may be present
(depending on where the clapper hits compared with nodal positions). When Perrin
reported a split doublet but only one half could be found in the sound, the detected
frequency was assigned to the upper or lower of the doublet pair so as to minimise the

correction factor.
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Once the analysis of the bell recording had been reconciled with Perrin's reported
results, the combined analysis and partial classification was further reconciled against the
analysis done by Lehr of his two bells. The various partials were aligned by:

e Matching the number of nodal meridians reported by the two authors

e Matching the number of nodal circles (though Perrin explains in a later paper
that sometimes the number of circles is over-estimated near the crown due to
the low amplitude)

e Matching the relative frequencies measured in cents from the nominal for all
three bells.

The measured spectrum of the bell (analysed over a period of 1s following the
clapper strike) appears below as Figure 5-2, followed by the detailed reconciliation of
recording, Perrin et al's analysis, and Lehr's results as Table 5-1. Many more partials were
identified in the recording than those apparent in Figure 5-2.

Note that in Table 5-1, only those partials where amplitude could be detected in the
recording after a diligent search are listed. Many of the PCD partials and all the extensional
partials from (Lehr 1986) are missing because of this. Conveniently, this avoided some
practical difficulties in matching the PCD and Lehr classifications where the
correspondence was ambiguous. All the partials detected in the recording were found in the
PCD analysis and could unambiguously be allocated a classification from both schemes.

The highlighted rows are those for the partials most visible in the spectrum.
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Spectrum of Perrin and Charnley bell
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Figure 5-2 Spectrum of bell investigated by Perrin and Charnley
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Recording PCD Measurements PCD Nodal PCD Lehr Group Lehr 1965 table 2 Lehr 1965 table 3 Lehr 1986 table 1
Lower Upper Lower Upper splitting | class. mer'dns | Cents 1 1T 1 v v VI VII Freq Cents Freq Cents Freq Cents

292.7 292.72 0 RIR 4 -2401.7 | I-2 205.1 -2400.4 | 211.4 -2400.0 | 170 -2405.1

585.9 585.92 0 R=1 4 -1200.2 11-2 410.3 -1200.0 | 422.6 -1200.8 | 341 1200.0

692.9 692.94 0 RIR 6 -909.8 1-3 491.3 -888.1 505.4 -891.1 409 -885.2
882.3 882.21 882.53 0.32 R=1 6 -491.1 11-3 614.4 -501.0 630.6 -507.9 512 -496.4
1171.2 1171.4 1172 0.6 RIR 8 0.0 1-4 820.6 0.0 845.6 0.0 682 0.0
1472.2 1472.5 1472.8 0.3 R=1 8 395.5 11-4 1058 439.9 1082 426.8 876 4334

1526.7 1525.6 0 R=2 6 456.5 II1-3 1076 469.1 1087 434.8 908 495.5
1559.0 1560.1 1559.2 1559.8 0.6 R=2 4 494.9 I1-2 1089 489.9 1100 455.3 890 460.8
1760.8 1761.1 1764.3 3.2 RIR 10 708.1 1-5 1232 703.5 1251 678.0 1026 707.0
1948.8 1949.3 1948.9 0 R=2 8 880.4 111-4 1371 888.6 1398 870.4 1132 877.2

2039.9 2040.3 0 R=2 2 959.8
2145.7 2145.6 2146.8 1.2 R=1 10 1047.9 1I-5 1582 1136.4 1597 1100.8 1289 1102.1
2436.5 2440.8 2436.9 2441.2 43 RIR 12 1270.3 1-6 1706 1267.0 1751 1260.2 1423 1273.3

2483.8 2485.7 0 R=3 4 1301.6 1v-2 1735 1296.2 1773 1281.8 1425 1275.7
2537.3 2537.6 2540.3 2.7 RA 4 1339.2

2550.5 2545.8 25504 | 4.6 R=3 6 1346.1 1v-3 1772 1332.8 1782 1290.5 1450 1305.9

2616.2 2616.3 2617.8 1.5 R=2 10 1391.3 1II-5 1854 1411.1 1914 1414.3 1528 1396.6

2721.1 2716.6 2718.1 L5 alpha 2 1456.4

28325 2828.6 28325 3.9 R=3 8 1527.7 v-4 1980 15249 | 2009 1498.1 1623 1501.0
2857.1 2858.2 2858.5 0.3 R=3 1543.5
2920.3 2921.5 2920.7 2921.6 0.9 R=1 12 1581.3 11-6 2162 1677.1 2167 1629.2 1767 1648.2

3183.9 3176 3183.1 7.1 RIR 14 1729.8 | I-7 2241 1739.3 2290 1724.8 1866 1742.5

3375.6 3376.8 0 R=3 10 1832.0 Iv-5 2378 1842.0 | 2438 1833.2 1951 1819.6
3402.7 3403 3403.5 0.5 RA 6 1845.7

3431.1 3431.3 3433.4 2.1 R=2 12 1860.8 1-6 2534 1900.0 | 2021 1880.7
3603.3 3603.6 3607.1 3.5 R=4 6 1946.2 V-3 2505 1880.1 2130 1971.6
37953 3796.9 3795.6 3797.6 | 2 R=1 14 2035.3 11-7 2823 2087.0 | 2272 2083.3
3863.2 3866.7 3863.5 3867 35 R=4 8 2066.7 V-4 2738 2034.1 2244 2061.9
3977.8 3982.0 3978.4 3982 3.6 RIR 16 21174 | I-8 2869 2115.0 | 2330 2127.0
4125.3 4125.7 4126.8 1.1 R=3 12 2179.3 IV-6 3022 22049 | 2393 2173.2

4341.2 4340 0 R=2 14 2266.5 111-7 3233 2321.8 | 2575 2300.1
4366.4 | 4402.1 4368 4401 33 RA 8 2290.6

4545.9 4539 4543 4 R=6 4 2345.6 VII-2 3301 2357.8

4764.6 4759.4 | 47653 5.9 R=1 16 2428.3 11-8 3544 2480.8
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Recording PCD Measurements PCD Nodal PCD Lehr Group Lehr 1965 table 2 Lehr 1965 table 3 Lehr 1986 table 1
Lower Upper Lower Upper splitting | class. mer'dns | Cents 1 1T 1 v v VI VII Freq Cents Freq Cents Freq Cents
48139 | 48153 4813.5 0 RIR 18 24457 | 19 3484 2451.2
5004.9 5002.5 5005.5 3 R=3 14 2513.4 1v-7 3721 2565.2
5063.4 5064.5 5076 11.5 R=4 12 2537.7 V-6 3644 2529.0
5296.0 5295 5298 3 RA 10 2611.8
5557.3 5556 5563 7 R=5 10 2696.3 VI-5 3792 2597.9
5677.5 5674 5676 2 RIR 20 2731.1 I-10
5877.0 5877 5878 1 R=4 14 2791.6
6009.0 6002 6006 4 R=3 16 2828.9
6102.8 6101 6105 4 R=5 12 2857.2
6401.9 6394 6402 8 RA 12 2939.5
6555.3 6558.3 6555 6559 4 RIR 22 2981.4 | I-11
6657.8 6655 6657 2 R=6 10 3007.1
6818.3 6789 6817 28 R=4 16 3048.2
6918.9 6919 6921 2 R=5 14 3074.4
7326.3 7329.5 7329 0 R=6 12 3173.6
7373.7 7373 7377 4 RA 14 3184.9
7448.5 7441 7448 7 RIR 24 3201.5 1-12
7497.0 7499 0 R=7 10 32133
7546.0 7547 7550 3 R=2 20 3225.0
7808.3 7805 7812 7 R=5 16 3284.1
7869.3 7870 7874 4 R=4 18 3297.7
8143.4 8139 8142 3 R=6 14 3355.7
8235.5 8213 8236 23 R=3 20 3375.6
8344.5 8338 8343 5 RIR 26 33979 | I-13
8364.5 8348 8363 15 RA 16 3402.1
8565.6 8571.6 8567 8573 6 alpha 10 3445.0
8805.7 8807 8812 5 R=5 18 3492.6
9030.8 9029 9034 5 R=6 16 3535.7
9252.4 9249 9254 5 RIR 28 3577.3 I-14

Table 5-1 Partial classifications of Perrin and Lehr compared with bell recording
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The classification schemes reconcile as follows:

e The number appended to Lehr's group classification is half the nodal
meridians as reported by Perrin.

e Lehr's group I are Perrin's RIR partials (whose significance is explained
below)

e Lehr's group numbers II, III, IV etc. are one greater than Perrin's R=x
numbers (the number of nodal circles)

e Above the nominal, the prominent partials are Perrin's RIR / Lehr's group 1.

The partials are ordered by their frequency in the Perrin bell. At higher frequencies,
the Lehr ordering begins to diverge from this, which is brought about by differing bell
designs: different partial groups advance at different rates up the frequency spectrum in
different bells.

In Perrin's classification scheme, RIR partials (Lehr's group I) are those which have a
radial antinode at or near the rim of the bell. These are maximally stimulated by the impact
of the clapper - it is clear why these partials tend to be the most obvious in the spectrum. In
the plot for the Perrin bell, RIR partials up to I-9 are visible; in the spectrum of the Ipswich
bell in Figure 3-1, RIR partials up to I-13 are visible. These RIR partials are the partials
which are responsible for formation of the primary and secondary strike.

Perrin's RA partials arise from vibrational modes in which the rim doesn’t flex, but
rather vibrates along or twists about the axis of the bell, causing flexure of the walls of the
bell. Several of these modes can be detected in the sound, e.g. the partials at 2537Hz,
3403Hz and 4366Hz. None of these were detected by Lehr.

The prime and quint are in a different Lehr group to the hum, tierce and nominal
which are all group I/ RIR partials. This means their nodal circles follow a different
pattern; prime and quint can be controlled by the bellfounder and tuner independently of
the group I partials. The vibrational modes giving rise to the hum, tierce and nominal only

differ in the number of nodal meridians, and separate control of these three partials to
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produce a true-harmonic bell requires considerable skill and knowledge on the part of the
bell designer.

Much more of interest can be found by further study of this reconciliation and
comparison against Perrin's and Lehr's papers but will not be further covered here.

The excellent agreement between the results of the Wavanal analysis and Perrin et
al's painstaking analysis of the same bell justifies the use of Wavanal for bell sound
analysis.

5.2.1 Ildentification of partials in recordings
The key conclusion from this part of the work is that the RIR / group 1 partials:
e Are those most stimulated by the clapper blow
e Have relative frequencies determined in part by the exact shape of the rim /
soundbow of the bell (because they have a radial antinode there)
e Are the partials which primarily determine the strike pitch of the bell through
virtual pitch effects.

Lehr (1986) confirms this from practical experience, saying that as partials of his
group I all have a node in the waist, they are expected to dominate the total bell sound
because the clapper always strikes the sound bow.

The prominent nature of the group I partials (and their roughly equal spacing, as
explained below) makes it practical to identify them uniquely in recordings of bells. This
was used extensively in the analysis of 2,066 bells described below. It is not possible to
uniquely identify the partials in other groups in this way.

5.3 Frequencies of partials

The investigation into strike pitch to this point has established the hypothesis that
strike pitch, although roughly an octave below the nominal, is affected by the frequencies
of other partials. To investigate the effect of all appreciable partials seems a daunting task.

An experiment with factors at two levels (see chapter 7 for an explanation of this) for just

the eleven rim partials plus prime and tierce would require 2'° =1024 tests at one nominal
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frequency. This test set would have to be rerun at several nominal frequencies throughout
the audible range to establish the effects at different frequencies, giving an infeasible
number (8,000 to 10,000) of tests for an individual test subject to perform.

In looking for ways to reduce the number of tests, correlation between upper partials
was investigated with quite remarkable results. Figure 5-3 below shows the group I/ RIR
partials for four specially chosen bells (having very flat or very sharp upper partials),

together with the average of 2,066 bells:

Upper partials
3500
3000 -
<
=
g 2500 —e— Bullring 1
e —=— Southwold 1
o 2000 Average
< Rostov 9
ks 1500 1 —¥— Freiburg
()
@ 1000 -
c
[
O 500
0
£ S X & & i R
8 — o =
= =}
o s)
s 3

Figure 5-3 Upper partials of bells compared

As can be seen, there is a relationship between all the upper partials. A good way to
visualise this relationship is to imagine the spectrum of the bell drawn on a sheet of rubber,
which if stretched spreads the upper partials apart while maintaining the relationships
between them. As explained in sections 3.5.1 and 3.6 above, the sharpness or flatness of
the upper partials is due to the thickness of the bell, especially in the area of the soundbow
- thin bells give sharp upper partials, thick bells give flat upper partials.

This remarkable correlation between the upper partials in bells has not to date been
reported in the literature. On the contrary, it is thought by some professionals in the trade
that independent tuning of upper partials is possible. The relationship displayed in the plot

above suggests this is not practical.
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To fully investigate the relationship, the tuning figures of 2,066 bells from the

author's collection of bell recordings and from Lehr's and Perrin's papers were analysed.

The partials from hum to octave nominal were analysed for all the bells. The upper partials

from I-7 to I-11 were analysed for 888 of the 2,066 bells chosen as described below.

The analysis was done in two ways:

A heuristic investigation looking for a practical way to represent the

relationship between the partials

A theoretical investigation based on a proposal by Perrin and Rossing to fit a

modified version of Chladni's law to the tuning figures.

The first investigation was very successful; a single parameter to represent the tuning

of all upper partials to a good degree of accuracy was identified, which enormously

simplifies experiments in strike pitch. The second investigation was partially successful,
the modified version of Chladni's law was found to predict average upper partial tuning

well, but did not give a good way to represent the variations in upper partial tuning which

it is hypothesised give rise to strike pitch shifts.

5.3.1 Relationship between partial frequencies

The 2,066 bell recordings analysed for this investigation have been accumulated over

a number of years on an opportunistic basis. Recently, specific recordings have been

acquired to explore the extremes of parameters identified in the analysis. The bells span the

following ranges:

15 different countries

Weights ranging from 19 kg to 38 tonnes

Casting dates ranging from 1285 to today

Nominal frequencies from 222Hz to 6,425Hz, a range of just less than 6
octaves

45 steel bells

A few bells with major-third tierces
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e 1,303 of the bells were not true-harmonic, i.e. 63% of the total

e The bells are the work of at least 100 different founders.

e The bell used by Perrin for the research described above, and the 13 bells
used as examples in Lehr's two papers, some of which were untuned, are
included.

Tonally, the bells ranged from very good to very poor. All bells for which the partials
could be reliably measured were included, i.e. no bell once investigated was omitted from
the analysis. The 888 bells whose higher partials were analysed were chosen to explore the
extremes of weight, tonal quality and upper partial tuning.

Due to recording quality and microphone response (for example, some Russian bells
were taken from a CD on public sale, and several of the bells were analysed from video
recordings) not every partial could be measured successfully. Table 5-2 below gives the

count of values for each partial investigated. The analysis took missing data into account.

Partial | Hum | Prime | Tierce | Quint | Nom'l | S’quint | Oct. nom. | I-7 | I-8 | I-9 | I-10 | I-11

Count | 2056 | 2059 | 2059 1781 | 2066 | 2066 2066 888 | 855 | 804 | 720 | 558

Table 5-2 Count of partial frequencies investigated

The tuning figures for all the bells were captured in Hertz, and then converted into
cents relative to the nominal, to bring the figures for all bells of whatever size into the
same range. The cents calculation used the standard formula given in Equation 3-1.

Trials of other ways to normalise the figures, such as taking the simple ratio (partial
frequency) / (nominal frequency) proved not to show the good correlations reported below.
A plausible reason for the need for a logarithmic relationship arises from the analysis of
the Chladni model below; for the time being it should be accepted as a necessary
transformation to make the relationships linear.

The results of Pearson linear correlations using Excel function CORREL(rangel,
range2) between all the partial cents are given in Table 5-3 below. The nominal is not

included, as it has already been eliminated by the conversion to cents. A correlation
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coefficient of +1 or -1 suggests perfect linearity between the two ranges, a coefficient close

to zero suggests no relationship, or at least not a linear one.

hum prime | tierce | quint | s’quint | o’nom. | I-7 1-8 1-9 1-10 1-11

hum 1 -0.206 | 0.464 | 0.631 -0.184 -0.147 -0.054 | -0.032 | -0.043 | -0.024 | -0.043
prime -0.206 | 1 0.391 -0.066 | 0.051 0.124 0.174 | 0.217 | 0.253 0.301 0.349
tierce 0.464 | 0.391 1 0.205 -0.277 -0.208 -0.078 | -0.040 | 0.003 0.051 0.126
quint 0.631 -0.066 | 0.205 1 -0.152 -0.133 -0.090 | -0.079 | -0.103 | -0.129 | -0.199
superquint | -0.184 | 0.051 -0.277 | -0.152 | 1 0.961 0.933 0.892 | 0.852 | 0.817 | 0.774
oct. nom. -0.147 | 0.124 | -0.208 | -0.133 | 0.961 1 0.986 | 0.966 | 0.939 | 0.908 | 0.871
1-7 -0.054 | 0.174 | -0.078 | -0.090 | 0.933 0.986 1 0.991 0.976 | 0.955 0.926
1-8 -0.032 | 0.217 | -0.040 | -0.079 | 0.892 0.966 0.991 1 0.993 0.983 0.966
1-9 -0.043 | 0.253 0.003 -0.103 | 0.852 0.939 0.976 | 0.993 1 0.994 | 0.985
1-10 -0.024 | 0.301 0.051 -0.129 | 0.817 0.908 0.955 0.983 0.994 1 0.995
1-11 -0.043 | 0.349 | 0.126 | -0.199 | 0.774 0.871 0.926 | 0.966 | 0.985 | 0.995 1

Sum? 1.291 1.416 | 0.556 | 0.730 | 5.611 6.329 6.581 6.643 6.571 6.440 | 6.238

Table 5-3 Correlation between major partials in 2,066 bells

This correlation matrix is symmetric, the correlation of range A against range B is
identically equal to the reverse. It is clear from the figures that:
e Partials from superquint upwards are highly positively correlated
e Hum, prime, tierce and quint are moderately correlated with one another but
not strongly correlated with the other partials.
5.3.2 Correlation of upper partials
The high degree of correlation between all the upper partials suggests that a single
quantity can be used to parameterise all the upper partials for a given bell - one of the
partials being an obvious choice for this parameter. To see the 'total correlation' for a
partial we need to sum the squares of the individual coefficients, which is done in the last
line of the table above. It will be seen that partial 1-8 is the most highly correlated of all the
partials, closely followed by 1-7, 1-9, I-10 and the octave nominal. However, due to
recording quality, frequency response of microphones etc. the higher partials are often
difficult to identify, and the final choice of a partial to stand as parameter for all was the
octave nominal, which in the author's experience can always be measured in a bell.
To understand more fully the relationship between the cents values for the upper
partials, they were plotted as scatter diagrams against the octave nominal (chosen for the

reason explained above). Values for the steel bells (which I expected to be anomalous
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because of the very unpleasant tone of some steel bells) are picked out in a different

colour. Figure 5-4 is the scatter diagram for the superquint:
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Figure 5-4 Scatter plot of superquint vs. octave nominal tuning for 2,066 bells

There are five significant outliers. From the top right they are:
e The bell from Freiburg described in section 4.2.4, with a very archaic profile
and unique acoustics
e Bell no. 2 from Little Somerford in Wiltshire, cast by John Tosier in 1725.
This is the thinnest UK bell in my collection of recordings
e A bell of normal Western shape which was experimentally tuned to be thin
e A bell cast by Van den Ghein in 1615 whose tuning figures are given in (Lehr
1986). I do not so far have a recording of this bell
e Bell no. 2 from Staveley in Yorkshire, a steel bell cast by Naylor Vickers in
1864 — again, very light in weight for its nominal.
The Somerford, Staveley and experimental bells are all tonally very poor. They
sound quite unusual because the virtual pitch formed by the upper partials is significantly
sharper than the nominal. All five bells are included in the numerical analysis in the rest of

this chapter, but the first three are omitted from the charts below to allow a better focus on
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more typical bells. Scatter plots for all the upper partials on this basis follow (Figures 5-5

to 5-10). The purple line superimposed on each scatter plot is a linear regression.
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Figure 5-5 Scatter plot of superquint against octave nominal
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Figure 5-6 Scatter plot of partial 17 against octave nominal
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Figure 5-7 Scatter plot of partial 18 against octave nominal
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Figure 5-8 Scatter plot of partial 19 against octave nominal
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Figure 5-9 Scatter plot of partial 110 against octave nominal
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Figure 5-10 Scatter plot of partial 111 against octave nominal

The relationships are clearly linear, as the high value of the correlation coefficients
would suggest, though the scatter in the results increases in the higher partials.
A linear regression of each of the partial cents against the octave nominal cents was

performed using as a model ¢, =c,, -m+c where ¢, is the partial cents, c,, is the octave

nominal cents, and m and c are the fitted parameters. These parameters allow the cents of
any of the upper partials to be calculated if the octave nominal cents is known. Results of

the regression fit appear in Table 5-4, together with a 95% confidence range for m and c:
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Partial C m Residual std. dev.
Superquint -0.175+0.720 0.557+£0.001 | 4.86

Octave Nominal | 0.0 1.0 0

1-7 0.186 +1.389 1.363 £0.001 | 8.87

I-8 0.106 +£2.740 1.668 £0.002 | 17.28

1-9 -0.203 +4.607 1.929 + 0.004 | 26.28

I-10 -1.307 + 6.508 2.156 = 0.005 | 34.76

I-11 -9.003 +12.199 | 2.362 +0.010 | 42.34

Table 5-4 Regression coefficients for upper partials

The significance of the standard deviation of the residuals will become clear in the
discussion below about the modified Chladni model. Figure 5-11 shows a plot of residuals

(i.e. the difference between fitted and measured cents values for the upper partials):
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Figure 5-11 Residuals of upper partials regression fit

It will be seen that there are significant residuals, arising from the greater scatter in
the higher partials as shown in the scatter plots. The residuals do not follow a normal

distribution, as the normal probability plot in Figure 5-12 shows.
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Figure 5-12 Normal probability plot of regression residuals

The S-shape of the normality curve shows that the tails of the distribution are much
more extended than to be expected from a normal distribution. All the partials follow the

same distribution. In fact, due to the way that cents are calculated, the figures involve the
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ratio of two quantities with measurement errors; the partial of interest and the nominal.
This means that it is to be expected that the values follow a Lorentz or Cauchy distribution.
To illustrate this, Figure 5-13 below shows the distribution of the residuals, as before, but

with two curves superimposed:
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Figure 5-13 Upper partials residuals with Normal and Lorentz distributions

The yellow curve is a normal distribution, with standard deviation calculated from
the residuals. The red curve is a Lorentz distribution, with the width at half-height fitted to
the residuals. If n, is the number of residuals in the central bar, x is the deviation from
zero (i.e. the horizontal axis in the plot) and w is the width of the distribution at half

"o
1 x7
+
WZ

was obtained by using the Excel Solve facility to minimise the difference between

height, the formula for the Lorentz distribution plotted above is . The value of w

calculated and measured values for the distribution. A half-width of 7.22 gave the best fit
to the results.

The fact that the residuals fit an approximate Lorentz distribution is of more than
academic interest; the statistics of this distribution are unusual in that quantities such as the
mean and standard distribution cannot be calculated algebraically. Therefore, any statistical
tests on these residuals must be treated with great caution.

Returning to Figure 5-12, the four most extreme outliers on the left, and the outlier
on the right are as follows:

e Partials I-10 and I-11 of the Freiburg bell
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e Partial I-11 of the Van den Ghein bell from (Lehr 1986)

e Partial I-11 of the 6™ bell at Castleton, Derbyshire (a bell with a very squat
profile).

The significance of this analysis is considerable; as explained earlier, it shows a
remarkable correlation in the frequencies of upper partials of bells. This result is important
for two reasons:

e In practice, once the relationship of any one of the upper partials to the
nominal is set by the bell design and tuning, the frequencies of the other
upper partials are determined

e This enormously simplifies the experiments to be done as part of this
research. When testing the effect of the upper partials on strike pitch, a single
parameter (the relative frequency of octave nominal to nominal) can be
varied, and the frequencies of the remaining upper partials calculated using
the regression results.

5.3.3 Correlation of hum and tierce
The correlation matrix for all partials suggests that cents for hum and tierce are

relatively uncorrelated with those for the higher partials.
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Figure 5-14 Scatter plot of hum against octave nominal

For the hums, plotted in Figure 5-14, two things are apparent: the hum tuning of steel
bells is anomalous - sharp compared with their bronze equivalents. Steel bells are noted for

their poor tone and this is one of the reasons. Secondly, there is a horizontal line of values
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at -2400 cents. This hum frequency, two octaves below the nominal, is characteristic of
true-harmonic tuning. If the true-harmonic bells are removed, the scatter plot including the

steel bells is as follows in Figure 5-15:
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Figure 5-15 Scatter plot of non-true harmonic hums against octave nominal

There is very little if any correlation (the correlation coefficient for the 1300 bells in
Figure 5-15 is -0.160). What correlation there is slopes the other way than for the higher
partials because the hum is the other side of the nominal; as the upper partials go up
relative to the nominal, the hum goes down. The significance of this observation is that
special changes to the 'natural' shape of the bell have to be made to achieve a true-
harmonic hum for all values of the upper partials.

A scatter plot of tierces follows as Figure 5-16:
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Figure 5-16 Scatter plot of tierce against octave nominal

The steel bells have tierces typical of those of bronze bells. There is a cluster of
values for all bells in the range -880 to -900 cents which again represents true harmonic
tuning. There appe